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THE HYDROGEN ATOM IN A SUPERSTRONG MAGNETIC FIELD
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A new methodfor energy-levelcalculationsof theH-atom in a superstrongmagneticfield is proposed.Themethod is
basedon perturbationtheory.The finite-differencetechniqueis usedto solvetheresulting equations.

Recentlytheexistenceof a superstrongmagnetic 1 a~— l ~ 1 2 ~2 2 2

field (SMF)(~l012G)nearsurfacesofneutronstarswas 2 az2 2 a2 ~ [(4m — l)p +B p 1
supposed.This causedan increasinginterestin the
problem of the propertiesof matterin such fields — Z/(p2 + z2)h12 F(z, p) = (E — ~Bm)F(z,so). (1)
[1—4].The nonrelativisticmotion of an electronin
the field of a fixed nucleusand in the presenceof a The functionF(z,p) satisfiestheboundaryconditions
SMF is the most simpleproblem to studythe effects
of a SMF. The well-known relationE(Z, B) = z2 ~ F(z,p) 0, ifz = ±~or p = o, o~• (2)
E(l , B/Z2) reducesthis problemto calculationof the Herez and p are the polarcoordinatesof theelectron,
H-atomenergylevelsfor a wide rangeof magnetic m is the quantumnumberof the projectionof the
fields. HereE(Z,B)is the energyof a one-electron angularmomentumon the Oz axis,B is the strength
atomwith nuclearchargeZ in thepresenceof an ex- of themagneticfield in unitsof B

0 = cIeI
3M2/h3

ternalmagneticfield B. Nowadaysthe energylevelsof = 2.35 X l0~G,M ande are the massand thecharge
the H-atomin a SMG areknownwith ratherhighac- of the electron.We separatethe totalhamiltonianinto
curacy [3,4], butthe methodsappliedto solve this a zero-orderpartand the perturbation:
problembecomeinefficient undera more realistic H = H

0 + v , (3)
formulationof the latteror underapplicationto many-
electronsystems. H0 = H1 + H2 , (4)

In this notewe proposea newmethodfor calcula- H1 = —0.5 a
2/ap2+ 0.125[(4m2— 1)p2 + B2p2]

tion of theenergylevelsof the H-atomin a SMF,
which usesperturbationtheory (PT). A considerable + 0.5Bm , (5)

simplificationof the calculationsis achievedby making ‘~2= —o,sa2/az2— Z/(p~+ z2)112 , (6)
useof the finite difference(FD) technique.We suppose
themethodproposedto be more suitedfor variousgen- VZ/(p~+z2)112 — Z/(p2+ z2)112 , (7)
eralizations,particularlyfor taking into accountthe to takeinto accountthat theelectronmotion for
motion of thenucleusand relativistic corrections. largeB is well localisednearthe cylindrical surfaceof

The equationdescribingthenonrelativisticmotion radiusPm = [(2m + 1)/BI 1/2 [1]. HereH
1 is the ha-

of anelectronin the field of aninfinitely heavynucleus miltonian for the free motionof theelectronin the
and an externaluniform magneticfield directedalong x—y planein thepresenceof a uniform magnetic
the Oz axis havethe form field. The hamiltonianH2 describesthemotionof

theelectronin a one-dimensionalCoulombpotential
which is cut at Pm. Thez andp variablesmaybe sep-
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aratedin thezero-orderoperator.This simplifiescon-
siderablythesolution of theproblemvia PT.The f”(i) = ~h~2[_f(i— 2) + 16f(i — 1)
givenchoice ofH

0 leadsto betterconvergenceof the 30f(i) + 16f(i + 1) f(i + 2)1 . (12)
perturbationseriesfor higherB values. For example,

the third-ordercorrectionfor theground-stateenergy Heref(i) is the value of the functionfat the ith grid
for B = 20B0is about 1%of E0, whereasfor B = 2000 point, h is thestepof theFD scheme.Using eq.(12)

X B0 it is of orderl0—~%ofE0.Thecorrespondingratio we reducetheproblem(9), (10) to the eigenvalue
of the first-, second-andthird-ordercorrectionsis, problemfor anN X N five-diagonalmatrix. Given the
respectively,2 : 3 : 0.1 for B = 20B0 and 1: 0.1 : eigenvectorsof this matrix, the coefficientsof the

0.001 for B = 2000B0.Thusfor B ~ 1010 G it is suf- seriesexpansionof F(
1)(Z, p) may be easilycalculated.

ficient to calculatetheenergythroughthe third-order Thus thefirst-order correctionfor the wavefunction
of PT. with quantumnumbersm,n, k includesthe function

The third-orderenergycorrectionmaybe easily .I;nn(p) g~(z)with thecoefficient

calculatedif thefirst-order wavefunction F(1)(z,p) Cmnk_ vm /1 ~0 ‘0 13
is known. FW(z,p) satisfiestheinhomogeneousdif- uk’ nk,n’k’Ikfnk —

ferentialequation where

[H
1(p)+H2(z)—E0]F(

1)(z,p)=(E
1 —V)F(

0)(z,p). V,~n’k=(fm~(P)g~(z)IJ~’L1
00(p)g~(z)>. (14)

(8) A simpletrapezoidalrule must be usedto perform the
whereFW(z,p) andF(

0)(z,p)satisfy theboundary integrationoverthez variablein (14). The integration
conditions(2). We representFW(z, p) in termsof a over p is performedusingGauss—Laguerreformulae.
seriesexpansionusingthe basis {f~~(p)g~(z)]’.Here To increasethe accuracywe useRichardson’sextra-

fmn(P) aretheexactfunctionsfor Landau’sstates polation [5]. This procedureincludesthesolution of
[71whichareorthonormalizedwithout weight func- theproblemfor severalh valuesandtheextrapolation
tion p, andg~(z)aretheeigenfunctionsof jj2 in the to h = 0. We taketheh-dependenceof theenergyin
FD approximation.Thesameapproachwasused the form
earlier for thesolution of theatomicpair radial equa- E(h) = E +E’h4 1-E”h6 + ... . (15)

tions [6] andyieldedveryaccurateresults.The elgen-
value problemfor theH

2 operatortakesthe form The energydependsalso on theknot numbern in the

Gauss—Laguerrequadratureformula:
[—0.5a

2/az2— Z/(p~+ z2)~~2Ifk(z)= Ekjk(Z) , (9)
E(l/n)=E+(l/n)E’+(l/n)2E”+.... (16)

fk(°°)fk(—°°)0• (10)
This enablesus to put n -~

To applytheFD approximationto eq.(9) we replace The methoddescribedwasusedto calculatethe
theinfinite domainoffk(z) by afinite oneby intro- ionisationpotentialsfor thegroundandseveralexcited

ducing thenewvariablex (—fir <x <~ir), statesof theH-atom in a wide rangeof magneticfields.

x = a ct (az~ (11) The resultsarelistedin table 1. To obtain theseresultsr g ~ aseriesof grids with N = 50, 60, 70, 80 andthequa-

We divide theinterval(—~ir,~ir) by N + 2 internal dratureformulawith n = 38, 40, 42 wereused.The
points into N+ 3 equalparts.The functionsfk(z)are obtainedresultsare in good agreementwith the best
equalto zero in thepointsx ±~irdue to thebound- valuesknownup to date.The mostsignificanterror
ary conditions.By appropriatechoiceof theparam- in our resultsis dueto anonoptimaldistribution of
eterain eq. (11) we maketheunknownfunctions the grid points in thez-variable.It maybe reducedby
negligible at the first andthelast internal points. Such a suitablechoice of the transformation(11). We did
a conditionenablesus to usewithout anydifficulties not usethis possibilitybecausethe accuracyof the
the fourth-orderFD approximationfor thesecond obtainedresultsis quite sufficient in the frameof the
derivativeoperator employedapproximation.In otherwords, thecorrec-

tions to the energyfrom themotion of thenucleus
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Table I
lonisationenergies(inau) for severalstatesof the H-atomin a magneticfield B (in unitsof B

0). ,n, n, k are the quantum
numberscharacterisingthestatesof theFl-atom in a magneticfield andshowingfrom which statesof thezero-orderhamiltonian
theyaregenerated.

n m k B ___ ___ - ______

2a) 2 20 200 2000

0 a) 0 1 1.022 2.215 3 4 4.7270 3 9.30467 10
0 0 1 1.02221 1.01432 2.21446 4.72904 9.27405
0 0 2 0.29770 0.29750 0.41335 0.47654 0.49563
0 0 3 0.17403 0.17408 0.22379 0.26784 0.30072
0 0 4 0.09694 0.09682 0.11405 0.12213 0.12176
0 —1 1 0.59959 0.59928 1.46546 3.34715 6.95180
0 —1 2 0.24527 0.24521 0.376 12 0.461 82 0.49220
0 —1 3 0.14254 0.14247 0.19886 0.24897 0.28981
0 —1 4 0.08728 0.10885 0.12028 0.121 22
0 —2 1 0.471 22 0.471 12 1.19362 2.80202 5.96863
0 —2 2 0.21744 0.35219 0.45058 0.48929
0 —2 3 0.12868 0.18637 0.23847 0.28218
0 —2 4 0.08166 0.105 33 0.11886 0.12077

a) Theresultsin the first column andin the first row wereobtainedin refs. [31and [41, respectively.

and relativisticeffectsareexpectedto belargerthan [31H.C. Praddaude,Phys.Rev.A6 (1972) 1321.

theerrorsin our results. [41J. SimolaandJ. Virtamo, J. Phys.Bil (1978)3309.
[51L. RichardsonandJ. Gaunt,Trans. R. Soc. (London)

A226 (1927)299.
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