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Mos t  q u a n t u m - m e c h a n i c a l  p r o b l e m s  can  be s o l v e d  only by m e a n s  of a p p r o x i m a t i o n  m e t h o d s .  Al though  
the a c c u r a c y  of a m e t h o d  c h o s e n  depends  on the a c t u a l  p r o b l e m  to which  i t  is  app l ied ,  it  has  n e v e r t h e l e s s  
been  a t t e m p t e d  to e s t i m a t e  the a c c u r a c y  of a me thod  by t ak ing  a c c u r a t e l y  s o l v e d  p r o b l e m s  as  an e x a m p l e  
[1-3] .  The o n e - p a r t i c l e  a p p r o x i m a t i o n  [1] and the B o r n - O p p e n h e i m e r  (BO) a p p r o x i m a t i o n  [2, 3] have  been  
d i s c u s s e d .  These  m e t h o d s  w e r e  used  f o r  s o l v i n g  p r o b l e m s  in C a r t e s i a n  c o o r d i n a t e s .  Howeve r ,  a c h a r a c -  
t e r i s t i c  f e a t u r e  of m e t h o d s  in which  the v a r i a b l e s  a r e  a p p r o x i m a t e l y  s e p a r a t e d  is  tha t  t h e i r  a c c u r a c y  d e -  
pends  on the c o o r d i n a t e  s y s t e m  c h o s e n  [4 ,  5]. T h e r e f o r e ,  the e r r o r  of the v a r i o u s  m e t h o d s  c a n  be d e c o m -  
p o s e d  into the t r ue  a p p r o x i m a t i o n  e r r o r  and a m e t h o d i c a l  e r r o r ,  the l a t t e r  of which  i s  r e l a t e d  to the c o -  
o r d i n a t e  s y s t e m  c h o s e n .  

The t rue  e r r o r  is  de f ined  as  fo l lows .  The H a m i l t o n i a n  of the s y s t e m  is  w r i t t e n  down f o r  v a r i o u s  c o -  
o r d i n a t e  s y s t e m s  ( s t r i c t l y  s p e a k i n g ,  th is  shou ld  be done fo r  a l l  c o n c e i v a b l e  c o o r d i n a t e  s y s t e m s ) ,  and the 
p r o b l e m  is s o l v e d  a p p r o x i m a t e l y  f o r  all  t he se  Hami l ton ianso  As  was  m e n t i o n e d  above,  the r e s u l t  and~ 
hence ,  a l so  the e r r o r  wi l l  depend  on the c o o r d i n a t e  s y s t e m  c hose n .  The m i n i m u m  e r r o r  i s  c a l l e d  the t rue  
e r r o r  of the a p p r o x i m a t e  s e p a r a t i o n  of the v a r i a b l e s .  The a dd i t i ona l  e r r o r ,  which  d i f f e r s  f r o m  z e r o  u n l e s s  
the o p t i m u m  c o o r d i n a t e  s y s t e m  has  been  ch ose n ,  is  the m e t h o d i c a l  e r r o r  r e l a t e d  to the c o o r d i n a t e  s y s t e m  
chosen .  If the o n e - p a r t i c l e  a p p r o x i m a t i o n  o r  the BO a p p r o x i m a t i o n  is  app l i ed  to a p r o b l e m  which  has  been  
a c c u r a t e l y  s o l v e d  by  s e p a r a t i o n  of the v a r i a b l e s  in s o m e  c o o r d i n a t e  s y s t e m ,  the t rue  e r r o r  of t h e s e  two 
m e t h o d s  e q u a l s  z e r o .  T h e r e f o r e ,  by t ak ing  such  a p r o b l e m  as  an e x a m p l e ,  the m e t h o d i c a l  e r r o r  r e l a t e d  to 
the c o o r d i n a t e  s y s t e m  c h o s e n  can  be c o n v e n i e n t l y  d i s c u s s e d .  

In the p r e s e n t  s tudy  the p r o b l e m  of t h r e e  a r b i t r a r y  p a r t i c l e s  i n t e r a c t i n g  by m e a n s  of h a r m o n i c  f o r c e s  
[6, 7] was  t aken  as  a c c u r a t e l y  s o l v e d  p r o b l e m ~  

The H a m i l t o n i a n  of the s y s t e m  r e a d s  

/ / =  ~ ~ + - - g - -  (r; (1) 

i = l  

w h e r e  r i d eno t e s  the  t h r e e - d i m e n s i o n a l  c o o r d i n a t e  v e c t o r ,  P i  is  the m o m e n t u m  o p e r a t o r  con juga te  to r t ,  
and/~i  "t = mj -~ + m k  -1. In the s u m m a t i o n  the i n d i c e s  i, j ,  k a r e  p e r m u t e d  in c y c l i c  f a sh ion :  i -~ ] .  

We s h a l l  p r o c e e d  as  fo l lows .  A f t e r  s e p a r a t i n g  out the c o o r d i n a t e s  of the m a s s  c e n t e r  we apply  a l i n -  
e a r  t r a n s f o r m a t i o n  to the i n t e r n a l  c o o r d i n a t e s  and find the b e s t  and w o r s t  va lue s  of the e n e r g y ,  the l a t t e r  
be ing  d e r i v e d  by m e a n s  of the BO method  and the o n e - p a r t i c l e  a p p r o x i m a t i o n  me thod  in the  so lu t i on  of the 
p r o b l e m  f o r  v a r i o u s  c o o r d i n a t e  s y s t e m s .  The m a x i m u m  m e t h o d i c a l  e r r o r s  r e l a t e d  to the l i n e a r  t r a n s f o r -  
m a t i o n  of the v a r i a b l e s  a r e  thus d e t e r m i n e d .  

The H a m i l t o n i a n  fo r  the s y s t e m  of the m a s s  c e n t e r  r e a d s  

1 0 2 1 0 2 2 a 2 
H = 2~ 0 ~  2~ 0~ -I- 1~i -1- a2~ 2 "+" alz~l~ 2,' (2) 
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( tn,r, + tnf2 ~ 
~ = d  r a m~ +, m---~ 1'  

I. .2= 
�9 = - - ~ \ m ~ + m  s + m  s / '  m , + m  2+m~ ' 

d ~ 
= ~2f-O2t/~2 "-{- ~1r163 a, 2 (m, -I-ms) ~ [~sr176 (rn, + m~) = + 2 2 s 

a~ = (~ ,~  + s2~~ t' % = m, + ,~-----~ ( ~ o , ~ , ~ -  t~,~m,). 

We change  o v e r  to o the r  c o o r d i n a t e s  us ing  a l i n e a r  t r a n s f o r m a t i o n  of the v a r i a b l e s  

~t = kl cos q0rl, + k s sin r 

~s = - -  X, sin qgrl I + X 2 cos ~oTIs. (3) 

The Hami l ton ian  then b e c o m e s  

1 0 1 0 2 s s s 
H = 2~L~ 0n, ~ 2~X~ 0n~ + Xp, (~) n~ + X2b2 (~) n2 + L,~2b,2 (~) ~,n2; (4) 

a t + a 2 a ,  - -  a 2 b~ (~) ---- ~ + 2 . cos 2(p - -  sin 2~, 

a~ + a~ a I - -  a 2 . .~ . .  
bs (q9 = 2 2 cos 2q) + sin 2% 

bts (ep) = (at --a2) sin 2~o + ais cos 2r 

The a c c u r a t e  e igenva lue  obvious ly  r e m a i n s  una l t e r ed  by this t r a n s f o r m a t i o n  of the Hami l ton ian ,  but, 
if the e igenva lues  f o r  the o p e r a t o r  (4) a r e  d e t e r m i n e d  by m e a n s  of the o n e - p a r t i c l e  a p p r o x i m a t i o n  or  the 
BO method ,  the e igneva lues  found turn  out to depend on the angle and to be independent  of the s c a l e  p a r a m e -  
t e r s  Xl, X2 of the t r a n s f o r m a t i o n .  

By us ing  the BO type app rox ima t ion ,  we get 

{ 1 o  32 ~ ^2 s } 
2#~ 0,~ + ~s'b' (~) '~' + '~2bs (~) '12 + ktXp t2 (,p) n,n2 'F (% n~) = E~. (n~) V.  (n,, n2), (5) 

{ [ 0' 1 02 2 hi2 (q~) ] ~il + 3 (2n + 1) V - ~ .  ) •nm (I]2) = enmZnnt (~]2); 
2~z~ 0n~ ~ ~sp2 (~) - zs 4b, (~) j 

E s o  nm(Cp) = bz~ (r (2n + 1) + [ 4b, (r (2m + 1)}. (6) 

Since the d iagonal  c o r r e c t i o n  to the n u c l e a r  equat ion  is  lef t  out of c o n s i d e r a t i o n  in the BO a p p r o x i -  
ma t ion ,  i t  fol lows f r o m  a we l l -known t h e o r e m  [8, 9] that  the e n e r g y  value  y ie lded  by the BO a p p r o x i m a t i o n  
a lways  is a l o w e r  bound to the total  ene rgy .  

Solution of the p r o b l e m  by m e a n s  of the o n e - p a r t i c l e  a p p r o x i m a t i o n  leads  to the equat ions  
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1 0 2 ) 
2~x~ on~ + ~,b, (q~) n s, ,I,,,, (n,) = %,,-I,,,, (n~), 

t 0 z 

= - - - L -  3 . 
E (q~)----@,, + []/'b, (q~) (2n + i) -1- ]fib 2 (r (2m + 1)1. one- paf f  2 m  ~ / ~  

(7) 

(8) 

Owing to the spec i f i c  na tu re  of the p r o b l e m ,  the m a x i m u m  of EBO (49) and the m i n i m u m  of E o n e _ p a r t  
(49) m u s t  be ident ica l  to the a c c u r a t e  so lu t ion .  The m i n i m u m  of EBO (49) and the m a x i m u m  of E o n e _ p a r t  (49) 
a r e  the w o r s t  va lues  f o r  the BO and the o n e - p a r t i c l e  a p p r o x i m a t i o n s ,  r e s p e c t i v e l y :  

E = EBO (cp) = E ( 4 9 ) ~ _ ~ 3  iV-hi (T~) (2n + 1) l/ acc one-part ] / ~  -t- b s (q)) (2m + 1), (9) 

a I - -  a s ~ V (a 2 - -  a,)~+ a2 s 
% = arctg 

al s 

Equa t ion  (9) fo r  the ground s t a t e  can  be t r a n s f o r m e d  into the s i m p l e  f o r m  

(10)  

3 {  [m1+ m2 + m a 
e~oc= y ~? + ~ + ~] + 2 ( ~  + 

/'n i/'n2g/'/3 
l it2/1/2 + ss s s j /  ~2~3~ + ~#a%~% ) ' (11) 

3 ( 1 \ 1/4 
EB~176 V-ff~ ~a ta2- -Ta~2)  2 V(2n+ 1)(2m-}- 1), (12) 

(2m + 
3 ]/bl--~B ) 2n.-}- 1+ 2 n +  E~ w~ -- V - ~  ------@11)21' (13) 

where r satisfies the equation 

b, (%) (2m + 1) ~ = b 2 (cp,) (2n + 1) 2. (14) 

F o r  the g round  s t a t e  we d e r i v e  the fo l lowing equa t ions  sui ted  f o r  e s t i m a t i n g  the m a x i m u m  e r r o r s  r e -  
la~ed to the l i n e a r  t r a n s f o r m a t i o n s  of the v a r i a b l e s :  

EBOw~ (~tl~ts(~ ~- W2'II [13(02t'~22w3 -j- WIIW311 ,, (1)2(02] I / 4 1  
- ~= {~_ ~/2il/2 (15) 

Eone-part worst 
E acc  

032 1/2 I2 (co~ + r + 3)1 
2 (16) 

The o n e - p a r t i c l e  and the BO a p p r o x i m a t i o n s  yie ld  the s a m e  m a x i m u m  abso lu te  e r r o r s  in the d e t e r -  
mina t ion  of E2: 

us s 2 9 ( bl (%) + bs (%) E s - -  Eacc~ ace-- "~Oworst Eone-part worst-- ~- \ 2 V a, (%) b 2 (%)). (17) 

Consequen t ly ,  the m a x i m u m  e r r o r  in the d e t e r m i n a t i o n  of E by m e a n s  of the BO a p p r o x i m a t i o n  wil l  
be s l igh t ly  h i g h e r  than tha t  in the d e t e r m i n a t i o n  c a r r i e d  out with the o n e - p a r t i c l e  a p p r o x i m a t i o n .  This in -  
d i ca te s  that  in the c a s e  c o n s i d e r e d  the o n e - p a r t i c l e  a p p r o x i m a t i o n  is the m o r e  s t ab le  of the two u p o n a c h a n g e  
of the v a r i a b l e s .  
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Finally,  we shall  cons ider  the dependence of the max imum absolute e r r o r  on the p a r a m e t e r s  of the 
pa r t i c l e s .  We shall  r e s t r i c t  ourse lves  to the specia l  case  

m I : m 2 = m; ~1~o~ - -  ~ 2 ~  = ~%r = 1. 
He re 

3 V ~  , /  ms 
a l -  2 V - ~ '  d 2=2  V 2m.-i-m a' 

V ~-d-+ m s 
o2= 2 V ~  ' 

a12 = O, 

Eac c �9 2 [\2m+m~/ \ ~ ]  J ' 

Eone-part  worst 2 m  _+ m s ] - ~  ( 1 3m~ ~-~ - x  
race ~ [ V I (  1 +  3m3] + V  1\  -k-2m-}-ma)1 

The resu l t s  a re  unusual, s ince it is genera l ly  believed that the BO type approximat ion works  well 
only in the case  of two subsys t ems  with marked ly  different  m a s s e s .  However,  it should be borne in mind 
that, owing to the specif ic  fea tu res  of the p rob lem considered here ,  the b e s t  (true) BO approximat ion will 
yield the accura te  value. Therefore ,  the data repor ted  only indicate the s tabi l i ty  or  instabi l i ty  of the ap-  
proximat ion  upon a change of the coordinate  sys t em,  i .e. ,  the max imum e r r o r  re la ted  to the coordinate  
s y s t e m  chosen.  

1o 

2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

L I T E R A T U R E  C I T E D  

M. Moshinsky, Am. J .  Phys.,  3_.66, 52 (1968). 
M. Moshinsky and C. Kittel, Proc.  Natl. Acad. Sci. US, 60.__, 1110 (1968). 
V. K. Deshpakde and J.  Mahauty, Am. J.  Phys. ,  37, 823 (1969). 
J .  O. Hi r shfe lde r  and D. W. Jepsen,  J.  Chem. Phys. ,  3__~ 1329 (1960). 
D. Har t ree ,  Calculat ions of Atomic St ructures  [Russian t ranslat ion] ,  IL, Moscow (1960). 
E. Coffou, Nuovo Cimento,  B61, 342 (1969). 
H. A. A lms t rom,  Le t t re  Nuovo Cimento,  1, 817 (1969). 
V. F. Bra t t sev ,  Dokl. Akad. Nauk SSSR, 160, 570 (1965). 
S. T. Epstein,  J .  Chem. Phys:,  44___, 836 (1966). 

558 


