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Cond i t ions  of an e x t r e m u m  of the e n e r g y  func t iona l  under  t r a n s f o r m a t i o n s  of the H a m i l t o n i a n  
c o r r e s p o n d i n g  to a change of v a r i a b l e s  a r e  found. The  r e l a t i o n s h i p  of t h e s e  cond i t ions  to 
h y p e r v i r i a i  t h e o r e m s  i s  c o n s i d e r e d .  

When q u a n t u m - m e c h a n i c a l  p r o b l e m s  a r e  so lved  by me thods  of a p p r o x i m a t e  s e p a r a t i o n  of v a r i a b l e s ,  
l ike  the  s i n g l e - p a r t i c l e  a p p r o x i m a t i o n  and the B o r n - O p p e n h e i m e r  a p p r o x i m a t i o n ,  the r e s u l t s  depend  on 
the cho ice  of the c o o r d i n a t e s  s y s t e m  in which the v a r i a b l e s  a r e  s e p a r a t e d  [1, 2, 3]. Th i s  is  as  t rue  for  
p r o b l e m s  that  a r e  e x a c t l y  s o l v a b l e  in s o m e  c o o r d i n a t e  s y s t e m  [3] as  for p r o b l e m s  that  do not a d m i t  s e p a r a -  
t ion .  The b e s t  known e x a m p l e  is  the d e t e r m i n a t i o n  of the g r o u n d - s t a t e  e n e r g y  of the h e l i u m  a tom by a p ,  
p r o x i m a t e  s e p a r a t i o n  of the v a r i a b l e s  in s p h e r i c a l  c o o r d i n a t e s  and H y l l e r a a s  c o o r d i n a t e s  [4]. 

In the p r e s e n t  p a p e r  we pose  the p r o b l e m  of f inding the c o o r d i n a t e  s y s t e m  in which the o n e - e o o r d i -  
n a t ,  a p p r o x i m a t i o n  g ives  the be s t  e n e r g y  r e s u l t .  F o r  th is  we m u s t  i n v e s t i g a t e  the e x t r e m a l  cond i t ions  of 
the  func t iona l  

( I I  %~,m 1I%~ > =z(E), (1) 
n n 

w h e r e  ~n is the one c o o r d i n a t e  funct ion and H r a n g e s  o v e r  the se t  of H a m i l t o n i a n s  that  d e s c r i b e  the  g iven  
s y s t e m  of p a r t i c l e s  in a l l  p o s s i b l e  c o o r d i n a t e s .  

We sha l l  a s s u m e  that  the change  of ~n can be f o r m a l l y  s p e c i f i e d  by s o m e  change  of v a r i a b l e s *  d e -  
f ined,  p e r h a p s ,  by m e a n s  of a d i f f e r en t  func t iona l  f o r m  for  d i f f e r e n t  mono ton i c i t y  s e c t i o n s  of the funct ion 
q~n. The  c o r r e s p o n d i n g  p a r t s  of the funct ion mus t  be cont inued  in modu lus  to the e n t i r e  d o m a i n  of d e f i n i -  
t ion of the v a r i a b l e ,  and in the e a s e  of a f in i te  d o m a i n  of de f in i t ion  one may  a l s o  r e q u i r e  con t inua t ion  of the 
d o m a i n  of de f in i t ion  i t s e l f .  Then  the e x t r e m u m  of the func t iona l  (1) wil l  not depend  on the f o r m  of ~Pn" 
N e v e r t h e l e s s ,  the c o o r d i n a t e  t r a n s f o r m a t i o n  i t s e l f  s t i l t  depends  on (Pn. To avoid  th is  i n d e t e r m i n a c y ,  i t  is  
su f f i c i en t  to a s s u m e  that  the q)n a r e  so lu t ions  of the o n e - c o o r d i n a t e  equa t ions  in the  o r i g i n a l  c o o r d i n a t e  
s y s t e m .  

We sha l l  r e s t r i c t  the t r e a t m e n t  to changes  of v a r i a b l e s  that  can  be d e s c r i b e d  as  u n i t a r y  o r  i s o m e t r i c  
t r a n s f o r m a t i o n s  of the c o o r d i n a t e  o p e r a t o r s  [5, 6]. In th is  c a s e  the s e t  of o p e r a t o r s  !~ in the d i f f e r e n t  
c o o r d i n a t e  s y s t e m s  wil l  be de f ined  as  the se t  of u n i t a r i l y  t r a n s f o r m e d  o p e r a t o r s  UHU + with u n i t a r y  o p e r a -  
t o r s  U of s p e c i a l  f o r m  c o r r e s p o n d i n g  to a change  of v a r i a b l e s  

U x j U - '  = F~(x . . . . .  , x~), (2) 
h 

w h e r e  Pn is  the m o m e n t u m  o p e r a t o r  con juga te  to the c o o r d i n a t e  Xn; fn(Xl, o . . ,  Xk) is  a funct ion of the c o o r -  
d i n a t e s  a lone ;  {A, B} = 1 / 2 ( A B  + BA) (the r e l a t i o n  be tween  the func t ions  fn and Fj i s  b r i e f l y  c o n s i d e r e d  in 
the Append ix ) .  

*In the c a s e  of a funct ion  9n that  depends  on two o r  m o r e  v a r i a b l e s  th is  cannot  be done .  
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Thus,  the p r o b l e m  r e d u c e s  to finding the e x t r e m u m  of the funct ional  (q)IUHU-i[@, where  q) = H ~o n 
n 

is  a g iven function,  on the c lass  of un i t a ry  o p e r a t o r s  (3) co r r e spond ing  to a change of v a r i a b l e s .  

In o r d e r  to v a r y  the funct ions  fn on which the un i t a ry  o p e r a t o r  depends we use  the fo rmu la s  fo r  dif-  
f e ren t i a t ing  exponent ia l  o p e r a t o r s  with r e s p e c t  to a p a r a m e t e r  [7]: 

~ (4) 
OeZ Sdte,zZ,(Z)e_tZeZ e ~ d t e - ' ~ Z ' ( Z ) e  t~, 
dZ 

o 0 

i Oe-~_  e - ~ f d t e , z Z ' ( Z ) e - t Z = _  dte-,zz'(X)e'Ze-Z (5) 
OZ 3 

o 0 

Using them, we obtain an e x p r e s s i o n  for  5U: 

(g )] s [g  ] [ s  ] 6 U =  ~--~exp i {P~ , f j ( x , . . . , x~ , )§  = dtexp it. {Pj, fj} {P~,S/~}exp - i t  {P~,/j} U. 

Noting that the va r i a t i ons  5fj(x i . . . . .  Xk) a r e  independent ,  we obtain a s y s t e m  of k equat ions that 
mus t  be sa t i s f ied  for  a r b i t r a r y  6fj: 

<(oI[A~, UHU-']!ep>=O , s = l , . . . ,  k, 

A , =  ~ d t e x p [ i t  s  ] {P,, 6/~,exp [ - i t  s  ,, '  ] .  
0 j = I  J = t  

Sufficient  condi t ions for  (6) to hold for  a r b i t r a r y  5fj a r e  (see the Appendix) 

i gt (X.  (x, t) X~* (X, t )+  )~2~ (x, t) X3~" (x, t) + )~ Xz~" X~ (x, t) X.* (x, t) ) = 0, (x, t) (x, t) + 

0 

where  

X-(x, t) = e-"WHU-'lep> , 

z~(x,  t ) = e  .... I'P>, 

X~,(x, t) = P,e .... UtIU -~l<p>, 

X,,,(x, t) = P ~ e  .. . .  1,~), 

(6) 

(7) 

Z = ~ {P~, ]j}, 
j = l  

s = 'l, . . . , k. 

The  unknown funct ions fj h e r e  en t e r  the exponent  of the exponent ia l  o p e r a t o r .  Th is  g rea t ly  compl i ca t e s  the 
equat ions ,  F o r  the t r ans i t ion  to an approx ima te  solut ion the unknown funct ions fj can be r e p r e s e n t e d  as 
expans ions  in known funct ions flj with unde t e rmined  coef f ic ien t s  c/j:  

3 /  

Is = ~ <Zj(x  . . . . . .  x,~). 

If {f/j} (l -- 1, 2 , . . .  , o0) is a comple t e  s y s t e m  of funct ions,  then the equat ions  obtained f rom the condit ion 
of the ene rgy  functional ,  

~5<,cp ] UcHUc-, lvp> = O, 

where  

a r e  equivalent  to Eqs .  (7). 

j , t  

For  a r b i t r a r y  M, the equat ions  have the fo rm  

<~][B,s, UcHUc-q] (~>=0,  s = i  . . . . .  k; Z = t  . . . . .  M, 

t 

0 n,J n,J 

(8) 
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o r  

<{pIUc[B,,,H]U~-'Iw>=O, s = i  . . . . .  k; Z = I , . . . , M ,  
i 

0 n,j n,J 
depend ing  on which of the r e l a t i o n s  (4) or  (5) a r e  used .  The  d i f f e r e n c e  be tween  E q s .  (8) and (9) m a y  l ie  in 
the d i f f e r e n t  c o m p l e x i t y  of the c a l c u l a t i o n s .  Thus ,  if the c o m m u t a t o r  [B/s, HI i s  s i m p l e r  than the H a m i l t o -  
n i an  i t se l f ,  it  i s  b e t t e r  to u se  Eq.  (9). 

Ins t ead  of the u n i t a r y  o p e r a t o r  Uc, we can  use  a d i f f e r en t  e x p r e s s i o n  of the u n i t a r y  o p e r a t o r  wi th  the 
s a m e  n u m b e r  of u n d e t e r m i n e d  p a r a m e t e r s :  

u= = u , u , ~ . . ,  u , , y ~ , . .  . u , ~ . . ,  u,~, (lo) 

whe re 

ai~ = exp[i,  c ,~{p , ,  f~,(x . . . . .  , x~)} ]. 

The differentiation of U/j with respect to the parameter is simple, as a result of which the derivative 
of the exponent commutes with the complete unitary operator 

0 
..~c.i ~ U~; = i { P ,  /~j} U~, = U ~i{P , /,,}. 

Equa t ions  fo r  the m i n i m i z a t i o n  of the e n e r g y  func t iona l  with the u n i t a r y  o p e r a t o r  g iven  by E qo (10} 
have  the f o r m  

<~lu~[w., H]U~-'I~> =0, (11) 

w h e r e  

Equa t ions  (11) and (9) a r e  h y p e r v i r i a l  r e l a t i o n s  [5]. Thus ,  o p t i m i z a t i o n  on the c l a s s  of c o o r d i n a t e  
s y s t e m s  can  be a p p r o x i m a t e l y  r e d u c e d  to the r e q u i r e m e n t  that  a s y s t e m  of h y p e r v i r i a l  r e l a t i o n s  ho ld .  

APPENDIX 

I. We find an explicit expression for the change of variables induced by the given unitary opera:or. 

The direct way consists of summing the commutator series 

I eABe -A = B ~ -  [A, B] T ~ I [ A  , [A, B]] + . . . .  

However ,  it  is  r e a d i l y  s u m m e d  only for  the s i m p l e s t  c a s e s  of a change  of v a r i a b l e s .  A much  s i m p l e r  f o r m  
of the change of v a r i a b l e s  i s  ob ta ined  when one r e g a r d s  Eq .  (2) as  a s i m i l a r i t y  t r a n s f o r m a t i o n  of the L ie  
a l g e b r a  that  c o n s i s t s  of the e l e m e n t s  

{Pj / l j (x  . . . . .  , x~)+/2j(x . . . . .  , x~)}. 

T h e n  the p r o b l e m  of s u m m i n g  the c o m m u t a t o r  s e r i e s  can  be r e d u c e d  to the so lu t i on  of f i r s t - o r d e r  p a r t i a l  
d i f f e r e n t i a l  equa t ions  [7]. In t roduc ing  in  (2) the p a r a m e t e r  t:  

exp {t [~PJfJ-]-/~+l lIxjexp {--t [EPJ]J-}-/~+i ]}=Y~x,t), 
j--i j=i 

and differentiating this equation with respect to t, we arrive at the equation 

h aY(x, t) aS(x, ~) (12) 
--i /J Oxj c~t 

which m u s t  be  so lved  s i m u l t a n e o u s l y  with the i n i t i a l  cond i t ion  

Y(x, O) = x~. (1,3) 

424 



T h e  func t ion  F(x) i t s e l f  can  be r e a d i l y  ob ta ined  f r o m  the so lu t ion  (12) by se t t i ng  t = 1: 

F(x) = ~(x, t). 

The  g e n e r a l  s o l u t i o n  of Eq .  (12) i s  an  a r b i t r a r y  func t ion  of k independen t  i n t e g r a l s :  

i dx~ 
t + ~  ~ = c ~ ,  ] ~ 1  . . . . .  k. 

F r o m  the i n i t i a l  cond i t ion  (13) we d e t e r m i n e  the a c t u a l  f o r m  of th is  func t ion :  

O(gi, . . . ,  gk) : zi, 

w h e r e  
�9 [, dxj 

gJ J /j 

The  d e t e r m i n a t i o n  of the  t r a n s f o r m e d  m o m e n t u m  o p e r a t o r  

a l s o  r e d u c e s  to the  so lu t i on  of a s y s t e m  of d i f f e r e n t i a l  equa t ions :  

h 
0F: (x, t) Olz (x) 0P~ (x, t) I , 

rj(x, t) - - -  -/~(x) ~ j  
ot s  Ox5 

h OFh+f(x,t) s  O]k+t(X) 0Fk+~ (X, t) ~ 
Ot O x ~  ]J Ox o ' 

F~(x, 0) = 6~, ] : t, . . . ,  k, k + i, 

To wi th in  a r e a l  add i t i ve  funct ion,  the  f o r m  of c, the t r a n s f o r m e d  m o m e n t u m  o p e r a t o r ,  can  a l so  be 
found f r o m  the cond i t ion  that  the c o m m u t a t i o n  r e l a t i o n s  be p r e s e r v e d .  

2. In ob ta in ing  E q s .  (7) we have  u sed  the fo l lowing a s s e r t i o n :  for  

(~p, IH, SAF[t + H,,_SA~ + . . .  + H,,6AH~ +. . .1%) = 0 (14) 

to hold fo r  a r b i t r a r y  5A s a t i s f y i n g  

[~A, B] = 0, 

for  g iven  H1, H1, H2 . . . . .  Hn, �9 �9 �9 , i t  i s  su f f i c i en t  that  

z, (B)x,: (B) + • (B) + . . .  + X,, (B)X~ (B) + . . . .  0, 

/7,1r = Z:'(g)Ic>.>, <%Ill, = <~,[z,(8), (15) 

- , , I U - -  " < % i - : ,  - 

w h e r e  Xi(B ) a r e  c e r t a i n  func t ions  of the o p e r a t o r  B~ Th i s  is  obv ious ly  p r o v e d  by s u b s t i t u t i n g  (15) into (14}. 

In the t ex t  the  a s s e r t i o n  is  u sed  in  the c a s e  B ~ x, on account  of which one can  use  the m u l t i p l i e a t i v e  
n a t u r e  of the o p e r a t o r  func t ions  Xi(X). 
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