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Abstract

A family of n x n Hermitian matrix Hamiltonians defined on the sphere S? and
depending on extra control parameters in the presence of a finite subgroup of SO(3)
as a symmetry group are studied with eigen-line bundles which are constructed
by piecing together locally-defined eigenvectors. The condition for degeneracy in
eigenvalues splits in general the space of control parameters into distinct iso-Chern
domains on each of which the Chern numbers of the associated eigen-line bundles
are constant. A Chern number modification or a delta-Chern occurs when crossing
the boundary from one iso-Chern domain to another. The present article provides a
formula for the delta-Chern on the model of two-parameter family of 3 x 3 Hermitian
matrix Hamiltonians with cubic symmetry together with the whole sets of Chern
numbers on respective iso-Chern domains.
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1 Introduction

Topology in condensed matter physics, especially in topological insulators has drawn great
interest in recent years [1, 2]. In contrast to this, topology in molecular physics [3] has
gained less attention. From the viewpoint of mathematical physics, both theories have
share the same conceptual grounds, one of which is energy band rearrangement. The
present article with its root in the molecular physics studies intensively Chern number
modification, which is closely associated with energy band rearrangement, and shares
topological techniques with the topological insulator theory. This article is directly a
successor to authors’ papers [4, 5, 6]. As physical ideas for Chern number modification
are described in detail in [6], this paper concentrates on a mathematical analysis of Chern
number modification.

From a historical viewpoint, the study of a parameter family of Hamiltonians started
with [7] for the redistribution of energy levels against a change in the parameter. In
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the same line of study, a relation between monodromy and band rearrangement was
discussed in [8] and its quantum manifestation was treated in [9]. Analysis of physical
systems in terms of vector bundles and associated Chern numbers, as it is done in the
present article, has been widely used in other branches of physics. For example, in the
study of the quantum Hall effect [10], a complex line bundle over the two-torus as a
Brillouin zone is naturally introduced together with a Berry connection in terms of Bloch
wave functions, and the technique for evaluating the Chern number of the line bundle is
similar to that to be used in the present article. Interesting topological phenomena in
electronic energy bands are the quantum spin Hall effect and topological insulators with
time-reversal symmetry (see [11, 12, 13] for example, a few of a huge number of references).
Though the interest of this article originates from rearrangements of molecular energy
bands, the bundle picture used in this article shares the same mathematical grounds as
these studies. The results obtained in this article allows natural physical interpretation
as well. For example, the fact that Chern numbers are constant on an iso-Chern domain
means that the topological property of the physical system in question is robust against
a small change in control parameters, and the fact that a Chern number modification or
a delta-Chern occurring only when crossing a degeneracy curve in the control parameter
space is interpreted as a drastic change in physical property accompanying an energy gap
closing. The delta-Chern formula to be studied in this article describes this qualitative
change, and would be called a kind of “wall-crossing” formula [14] in the sense of basic
idea. The mathematical foundations of studies concerning a family of Hermitian matrices
are described in [15]. In addition, though the delta-Chern is authors’ nomenclature, a
similar idea was given in [16] and in [17], in the latter of which the curvature is treated
in the sense of distribution when degeneracy in eigenvalues takes place.

In this article, eigen-lines bundles are dealt with for a family of n x n Hermitian matrix
Hamiltonians defined on the sphere S? as the space of classical dynamical variables and
depending on extra control parameters in the presence of a finite subgroup of SO(3) as
a symmetry group, where each of the eigen-line bundles is formed by piecing together
locally-defined eigenvectors associated with each of the eigenvalues of the matrix Hamil-
tonian, if eigenvalues are not degenerate. Let R™ denote the space of control parameters
and G a symmetry group. The product space R™ x S? is considered as the total parameter
space for the family of the Hamiltonians with symmetry. The distinction between dynam-
ical variables and control parameters is made by the action of the symmetry group; the
symmetry group G acts on S? but not on R™. The condition for degeneracy in eigenvalues
splits in general the space of control parameters R™ into disjoint “iso-Chern” domains.
This is because the codimension of degeneracy in eigenvalues of Hermitian matrices is
three [18] whereas dim S? = 2 and dimR™ = m. In correspondence to each point of
respective boundaries (or degeneracy surfaces) of the iso-Chern domains in R™, there ap-
pear on S? isolated degeneracy points at which eigenvalues are degenerate. At each point
of a domain bounded by degeneracy surfaces, there are assigned eigen-line bundles asso-
ciated with respective non-degenerate eigenvalues. Since the Chern numbers of respective
eigen-line bundles are constant on each domain in R™, the domains are called iso-Chern
domains. For each iso-Chern domain, the trivial bundle C"* x S? over S? is decomposed
into the direct sum of eigen-line bundles, each of which is characterized by a constant
Chern number.



The interest of the present article centers on a Chern number modification or a delta-
Chern which accompanies the crossing of the boundary from one iso-Chern domain to
another along a path transverse to the boundary. The delta-Chern can be understood
as describing a rearrangement of band structures. Though the eigen-line bundles cannot
be defined for degeneracy points, a close look at the neighborhood of a degeneracy point
together with eigenvectors can reveal how transition goes on in eigen-line bundle structures
against a change in control parameters along a path crossing the boundary in the control
parameter space. It is to be noted here that the degeneracy point is referred to in two
ways; one is a degeneracy point in the control parameter space and the other in S2.
However, in order to observe the transition in question, the degeneracy point is to be
considered as a pair of the degeneracy points mentioned above or as a point of R™ x S2.
Then, the full Hamiltonian should be projected, after being linearized at the degeneracy
point, onto a matrix acting on the eigenspace associated with the doubly degenerate
eigenvalues in general. If linearization fails, the first non-vanishing higher-order terms of
the local expansion of the full Hamiltonian should be adopted. The resultant Hamiltonian
is called a local Hamiltonian, which is 2 x 2 Hermitian matrix with entries being linear in
suitably-defined local coordinates or with entries consisting of first non-vanishing higher-
order terms. Since the full Hamiltonian has the G symmetry, the local Hamiltonian has a
local symmetry as well, for which the symmetry group, called a local symmetry group, is
the isotropy subgroup Gy of G at the degeneracy point in S2. The isotropy subgroup Gy
is represented in the two-dimensional eigenspace associated with the doubly degenerate
eigenvalues. Since Gy is a subgroup of SO(2), it is an Abelian group, so that it is reducible.
Then, there exists a basis in the eigenspace in question such that the G is represented
in the diagonal form. The local Hamiltonian expressed with respect to such a basis is
called being in normal form. From the eigenvectors of the local Hamiltonian in normal
form, one can extract a necessary quantity for the delta-Chern. To be precise, such a
quantity is a contribution from a single degeneracy point for the delta-Chern, which is
referred to as a local delta-Chern. The local delta-Chern is exact in spite of the fact that
only first non-vanishing terms of the local expansion of the full Hamiltonian are used.
This is because the local delta-Chern can be put in the form of integer-valued contour
integral and because the integrand and the contour can be deformed without changing
the resultant integer value. Because of the full symmetry group G, the local Hamiltonian
on the neighborhood of a degeneracy point is equivalent to those at the other degeneracy
points if the degeneracy point in S? is in the same orbit of G. This means that the
local delta-Chern is the same throughout the orbit, so that the global delta-Chern is the
product of the local delta-Chern by the order of the orbit in question. The local delta-
Chern depends on the direction in which the boundary is crossed, and hence it should be
calculated with special carefulness in its sign.

The strategy for finding a local delta-Chern has several steps. The first step is to find
both the degeneracy surfaces (or the boundaries of iso-Chern domains) in the space of
control parameters and the degeneracy points in S?. According to the G action, the sphere
S? is stratified into strata, where at every point of each stratum, the isotropy subgroup
is the same up to conjugation. Since the degeneracy points in S? form an orbit of the
symmetry group G, one can start in principle by picking up a degeneracy point from
different O-dimensional strata, then proceed to a degeneracy point from 1-dimensional



stratum, and finally from 2-dimensional (generic) stratum. In a case, one is allowed to
show the absence of degeneracy points at strata other than 0-dimensional one. Evaluating
the full Hamiltonian at respective degeneracy points in S?, and calculating its eigenvalues
or using the relevant discriminant, one can determine degeneracy curves in the control
parameter space. If G is the octahedral group, the stratification of the sphere S? is well
known, and this step is rather easy to perform.

The next step is to form a local Hamiltonian in normal form in the neighborhood of
a degeneracy point. Tasks to do are (i) to draw a short curve in the control parameter
space, which crosses transversely a degeneracy surface at a regular point of a degeneracy
surface, i.e., at a point other than intersections of two or more degeneracy surfaces, (ii)
to take a tangent line to the curve in the control parameter space, (iii) to take a frame
on the tangent plane to S? at the degeneracy point concerned, with respect to which
a local coordinates are defined, (iv) to choose a basis of the eigenspace associated with
the doubly degenerate eigenvalues, with respect to which the isotropy subgroup at the
degeneracy point is represented in the diagonal form, (iv) to find a local Hamiltonian by
linearization or by taking the first non-vanishing higher-order terms, which is defined on
the product of the tangent line and the tangent plane in question and described in terms
of local coordinates defined there. The resultant local Hamiltonian has local symmetry
and is in normal form.

The final step is to determine a local delta-Chern by using the local Hamiltonian in
normal form, a formula for which will be shown in the subsequent sections. The local
delta-Chern is shown to be independent of the choice of bases and the choice of frames.
The total (or global) delta-Chern is now easy to obtain, which is #G/#G, times the
local delta-Chern, where #G and #G, denote the numbers of elements of G and of Gy,
respectively.

To perform the above-mentioned procedure, model Hamiltonians are adopted from [19,
20], which are 2x2 and 3x3 matrix Hamiltonians, respectively, admitting symmetry by the
octahedral group. The Hamiltonians adopted are not so simple but can be manipulated in
search of delta-Cherns. In [19, 20|, energy band rearrangements were qualitatively studied
on the level of classical limit for slow subsystem, but topological invariants associated
with the semi-quantum description of coupled “slow” and “fast” subsystems were not
introduced at that time. In [4], Chern number modification is treated for the 2 x 2
Hermitian matrix Hamiltonians with SO(2) and with D3 symmetries. In the study of
these Hamiltonians, delta-Chern was not used, since it was possible to obtain Chern
numbers on respective iso-Chern domains in a straightforward manner. It is to be noted
in addition that as far as rotation-vibration states near an equilibrium are concerned,
the entries of a model Hamiltonian may be restricted to polynomials on R3. Further, if
the Hamiltonian is required to be invariant under a discrete or a continuous subgroup,
polynomials are chosen according to some of representations of the subgroup.

The organization of this article is as follows: Section 2 is a brief review of symmetry of
the Hamiltonian with interest in the degeneracy in eigenvalues. Symmetry of the linearized
Hamiltonian is also treated. In Sec. 3, the octahedral group is briefly reviewed in relation
to the symmetry of two- and three-level model Hamiltonians (i.e., n = 2, 3). More details
will be given in Appendix. Section 4 is concerned with eigen-line bundles associated with
eigenvalues of a generic 2 x 2 matrix Hamiltonian. Chern numbers are not touched, which



will be treated in the succeeding sections with concrete examples. In Sec. 5, a family
of two-level model Hamiltonian with O symmetry is studied by calculating the Chern
numbers assigned to respective iso-Chern domains, during which different approaches are
explicitly used for calculating the Chern numbers. In Sec. 6, the linearization of the full
Hamiltonian and its retraction to a two-level model Hamiltonian are discussed explicitly
in the case of the three-level models. The local Hamiltonian in normal form is discussed
as well. Section 7 is concerned with 2 x 2 local Hamiltonians in normal form with interest
in relevant invariants. In Sec. 8, after studying eigen-line bundles for the 2 x 2 local
Hamiltonians in normal form, a formula for the local delta-Chern is proved. In Sec. 9,
a formula for the global delta-Chern is obtained by means of homotopic deformation of
integer-valued contour integrals. In Sec. 10, a family of three-level model with O symmetry
is worked out by applying the global delta-Chern formula to obtain an iso-Chern diagram,
in which a column of Chern numbers are assigned to each iso-Chern domain. The results
obtained after an intricate and long calculation are summarized in Figs. 6 and 7, which
have been announced in [6]. In Sec. 11, the two-level model treated in Sec. 5 is revisited
from the viewpoint of the delta-Chern shown in Sec. 8. Section 12 contains a case study
to observe a change in Chern numbers in the case of triple degenerate eigenvalues on
an explicit model Hamiltonian. In Section 13, linear approximation method is discussed
in a generic situation together with a relation of the local-Chern analysis to the Berry
phase. Section 14 offers remarks on possible extensions of the delta-Chern analysis to
the cases where the linear approximation fails but quadratic approximation works and
where a triple degeneracy occurs in eigenvalues. Section 15 contains concluding remarks
on interesting relations between possible values of Chern numbers and the decomposition
rules for tensor products of group representations. In addition, a progress achieved after
the present work is touched upon. Appendix contains a review of the octahedral group
together with the symmetry conditions for the Hamiltonians.

2 Symmetry of the Hamiltonian

As is anticipated in Introduction, we have to discuss the symmetry of the Hamiltonian
from two points of view, local and global. For the sake of contrast, we refer to the
symmetry by the full group as the global symmetry and that by the isotropy subgroup at
a point of S% as the local symmetry.

Let G be an discrete subgroup of SO(3) acting on S? C R*. A Hamiltonian H(x),x €
S2, an n x n Hermitian matrix defined on S?, admits the symmetry group G if and only
if

H(gx) = D(g)H(z)D(9)™", g€G, (1)
where D(g) is a representation matrix acting on C", and where H(x) may depend on
extra control parameters.

Since the codimension for degeneracy in eigenvalues of Hermitian matrices is three and
since the dimension of S? is two, degeneracy points may appear on a zero-dimensional
subset of S?, in general. If )\g is an eigenvalue of H(x) doubly degenerate at @, one has

det(H (o) — A)|rox, = % det(H (ao) — \]) =0 (2)



Equations (1) and (2) are put together to give

d
- det(H (gzo) — D) T 0. (3)

det(H (gmo) — A)[scr, =
This implies that if £, € S? is a degeneracy point, the orbit of xy by G is a set of
degeneracy points.

The symmetry for H can be extended to that for the derivative of H. For the time
being, we consider H(x) as defined on R3. Let us introduce the variables &’ by ' = gx.

In components, we put it in the form z; = > gjkxrr. We now compute the gradient,
VH(x') = (‘%g(, >, of H, where the symbol VH takes values in the tensor product
space R* ® C™*". Then, the symmetry condition H(gx) = Adp,)H (x) is differentiated
to give
Oh;j(z') Ohypy ()
- D(g)ip—= ol D(g). 4
axk ngéz P aZL’g (g)jq’ ( )

which is compactly written as
VH(gz) = (9 ® Adp(y))VH(x), (5)

where VH (x) = (?;LT]:) takes values in R?* @ C**™ and where the action of g ® Adp, are

defined on R3 @ C™*" by
a® A (g®Adpy)(a® A) =ga® Adpy4, acR?’ AeC™™, (6)

We return to the initial Hamiltonian defined on S2. We are to show that the invariance
condition (1) is naturally extended to that for the derivative of the Hamiltonian. Let II,
denote the tangent plane to S? at a point = € S?, and &,,k = 1,2, be an orthonormal
system of tangent vectors with positive orientation on II,. The Cartesian coordinates g
are defined on II, through > ¢x&€,. The homogeneous linear Hamiltonian is defined to be

Hi(q;@) =Y aéy, - VH(z), (7)

where &€, - VH(x) denotes the inner product R?® x (R® @ C™") — C™ ", or the n X n
complex matrix with (¢, m) entries & - Vhgn.

From (5) and (7), it follows that if the frame g€, is chosen at gz, the Hi(q; ) is
subject to the transformation

Hi(q; 9gx) = Adpy) Hi(q; ), (8)

where use has been made of the fact that g is an orthogonal transformation.
If gjz = gz, we set h = g1 ¢!, which is an element of the isotropy subgroup at gz.
Two frames g€, and ¢;&, on the tangent plane at g = g are related by

1€ = hg&), = Zhﬁ)gij (9)



where h(® denotes the representation matrix of h with respect to the frame g&,. On
account of this, the Hy(q; x) transforms according to

Adp(g) Hi(q;z) = Hi(hq; 1) (10)
In particular, if gy = gx = @, this equation becomes
AdD(h)Hl(q; x) = Hl(h(Q)q; x), heGg, (11)

which describe the local symmetry of the linearized Hamiltonian H;(g; «) with respect to
the isotropy subgroup G, at x.

3 Symmetry by the octahedral group O

The octahedral group O is the orientation-preserving symmetry group for the regular
octahedron, which is known to be isomorphic to the symmetric group S; and further to
be generated by

~1 1
cZ |1 NG/ S 1 (12)
1 1

to form a discrete subgroup of SO(3). See Appendix for symbols C'7 and C':g_l_l_l] and
for further details. The two-dimensional representation E of the O group is known to be

generated by
1 “1-1-1 B
cfa( _1), Cy m(ig R (13)

2 2

Let Ho(2) and Ho(3) denote the sets of traceless 2 x 2 and 3 x 3 Hermitian matrices,
respectively. The model Hamiltonian we treat in this article takes values in Ho(2) or
Ho(3), according to whether the semi-quantum system in question is associated with two-
or three-level model. From the view point of symmetry we are interested in at present,

Ho(2) and Hy(3) are decomposed into

wo={ 2)}={(% )

and
0 C1 bl 0 —iCQ ZbQ dl 0 0
Ho(?)) = C1 0 ay D ’iCQ 0 —’iag D 0 dz 0 s (15)
b1 aq 0 —ZbQ ia2 0 0 0 d3

respectively, where a, b, ¢, ai, by, ci, and d; are real parameters with d; +ds +ds = 0. Each
subspace of H(2) and of H,(3) carries an irreducible representation of the O group.
On the other hand, the sets of functions

{222 — 22 — %, V3(a?—yH)} and ayz (16)
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are known as the basis of the E-representation and of the As-representation of the O
group, respectively. Further, the sets of functions

3 3 3
fryeh (v away), and (o - 20007 - 0 A(0 - 2} ()
are known to be bases of the T, T, and T representations, respectively.
In view of these facts, we mainly treat the Hamiltonians
a(22? — 2? — y?) V3a(z? —y?) —ibzyz
H(x) = 1
() (x/§a(m2 —y?}) +ibryz  —a(22% — 2? —y?) (18)
and
0 1z —y
Hx) = |—iz 0
wy  —ix 0
y? + 2% — 222 0 0
+a 0 22+ 2% — 2? 0
0 0 r? 4y — 222
0 zy z2zx
+blxy 0 yz|, (19)
zx yz 0

which satisfy the invariance condition (1) with due representation matrix D(g), where a, b
are real parameters and where g acting on S? is viewed as subject to the T representation.
For (18), we pose the condition (a,b) # (0,0). Three-level model Hamiltonians depending
on polynomials of degree three will be discussed on the occasion of necessity.

It is to be noted that the decompositions (14) and (15) are not the only possible
decompositions but there are also other decompositions with respect to irreducible repre-
sentations of the O group. For example, the first component subspace in the right-hand
side of (14) is further decomposed into the direct sum of one-dimensional subspaces which
carry A; or A, representation of the O group. Such cases have been already treated in

5].

4 Setting up eigen-line bundles

We consider the 2 x 2 Hermitian matrix

H(Z) _ (C_Lll 612) ’ (20)

Cl2 Q22

where aq; and a9y are real-valued, and c;5 is complex-valued. The domain on which these
elements are defined is either the unit sphere S? or the tangent plane to the sphere at an
assigned point of S?. We will treat both cases in succeeding sections.

The eigenvalues of this matrix are given by

1

M= 3 (an + agx \/(an —agn)? + 4|C12|2>' (21)
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For each of the distinct eigenvalues A\*, we have two expressions of the normalized eigen-
vectors associated with \*;

1 c
+ 12
U ) = , 22a
| up> \/()\:I: — (1,11)2 |012|2 ( /\:I: —an ) ( )

k) = 1 (V=) (22b)
V(A — ag)? + [e1a? ‘12

where the “up” and “down” eigenvectors are formed from the first and the last lines of the
eigenvalue equation, respectively. Here, points at which the quantities inside the square
root symbols vanish are called exceptional points and hence the domain Ufp Jdown of each
eigenvector is the sphere with the assigned exceptional points removed. A straightforward
calculation shows that the exceptional points for the “up” eigenvector associated with the

larger eigenvalue A\* are determined by

anp —azg >0, ¢ =0, (23)
and those for the “down” eigenvector by
ail — Qoo < 0, c12 = 0. (24)

For the smaller eigenvalue \~, the exceptional points for the “up” and “down” eigenvectors
are determined by (24) and by (23), respectively. Putting together these conditions, we
have the table for the assignment of exceptional points,

up “down”

AT lain —ax >0, co=0]a;; —axp <0, cp=0 (25)

AT lan —axn <0, cia=0|a; —ax >0, c2=0

The “up” and “down” eigenvectors are related by

+ +, + + +
’uup> = |udown> on Uup N Udown’ (26)
where ®* are called transition functions, and are found to be expressed as
c
OF =2 o = gen(AF — ag). (27)

1012\7

If we consider the matrix H® as defined on the unit sphere, Eq. (26) determines the
complex line bundles associated with respective eigenvalues A*, which we call the eigen-
line bundles. If the Hamiltonian H® is taken as defined on the tangent plane at a point
x € S?, we have eigen-line bundles over the tangent plane.

We don’t give here the definition of the connection and the curvature for the eigen-
line bundle, which will be given later in treating concrete models together with some
techniques to evaluate the Chern number (see Sec. 5.1).



If we start with a 3 x 3 Hermitian matrix for a three-level model, we will have eigen-line
bundles associated with each of non-degenerate eigenvalues in a similar manner. Here,
the “up” eigenvector is formed by using the first and the second lines of the eigenvalue
equation, and the “down” eigenvector by using the second and the last lines, for example.
The transition function is defined in the same manner as in (26) and thereby an eigen-line
bundle is determined. In Sec. 10.2, we will give a simple example for which the Chern
number of the eigen-line bundles are easy to find. However, the eigenvalues are not easy
to find in general, so that the domains W, qown Of “up” and “down” eigenvectors for each
eigenvalue are not easy to identify either, and the explicit construction of the eigen-line
bundle is difficult in practice. We then need to devise a method for resolving this difficulty,
which will be shown in Secs. 6-9.

5 A two-level model with O symmetry

In this section, we treat the Hamiltonian (18) corresponding to the physical molecular
model studied in [19] on the classical limit level. For notational simplicity, we express

(18) as
ap aps — 1bo
H(=) = (a¢2 +1ib¢3 2—G<Z51 3) ’ (28)

where

¢ =222 — a2~y = V3(2® —y?), ¢3=yz. (29)

With this model, we show how to evaluate the Chern numbers of the eigen-line bundles.

5.1 Chern diagram

Proposition 5.1 The parameter space R? — {0} for the O-invariant Hamiltonian (28) re-
tracts to a unit circle, and the degeneracy points on this circle are (a, b) = (£1,0), (0, £1).
The Chern numbers ¢t (see (41)) of the eigen-line bundle associated with the positive
eigenvalue are shown in Fig. 1, being assigned to respective iso-Chern domains (or arcs).
The Chern number ¢~ of the eigen-line bundle associated with the negative eigenvalue is

obtained by reversing the sign of the Chern number for the positive eigenvalue; ¢ = —¢™.
Proof. From (21) with ass = —ay1, the condition of degeneracy in eigenvalues is described
as

det H(x) =0 << a*(¢7+¢2) =0, b’¢2 = 0. (30)

Since the above condition is scale invariant, we may retract the control parameter space
R2—{0} to the unit circle a®>+b? = 1. There are four degeneracy points (%1, 0), (0, £1) on
this circle, for which the eigenvalues of H(x) are degenerate at certain points of S?. For
degeneracy points (a,b) = (£1,0) of the unit circle, the corresponding eight degeneracy
points on the sphere S? are

(31)

H H H
Shslsh



Figure 1: Chern numbers assigned to arcs of the unit circle

which form an orbit of the O group. The isotropy subgroup at each point of the orbit
is isomorphic with C3. For degeneracy points (a,b) = (0,£1), the set of corresponding
degeneracy points on S? are given by

Pyt=1 P rat=1 Prat=1 (32

In these circles, there are six embedded degeneracy points

+1 0 0
o, [|=+1], 0|, (33)
0 0 +1

at which the isotropy subgroup is isomorphic to Cy4, and further twelve embedded degen-
eracy points

1 1
A W O T
ijﬁ ) 01 3 :t? ) (34)
0 +7 +7

at which the isotropy subgroup is isomorphic to C5. The set of the above three circles
without the orbits (33) and (34), which consists of 24 identical connected arcs, forms a
set of degeneracy points at which the isotropy subgroup is isomorphic to Cf.

For regular values of the parameter, eigen-line bundles are associated with respective
eigenvalues. From (23) and (24) with a1; = a¢; = —ag and ¢12 = apy — tbps, the
exceptional points for the normalized eigenvector associated with the positive eigenvalue
A1 are shown to be given by

1 1
0 % v
ny = 0 s aL — iTQ s b:l: = :|:75 . (35)
+1 0 0

+

up /down(w)) associated

In the case of a > 0, the domains of normalized eigenvectors |u
with the positive eigenvalue \* are

Uh =5 —{ns}, Ul =5 —{axbs}, (36)
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respectively. The |u (x)) are related by

up/down
apy — 1bps
|ugp(@)) = T (@) [Ufonn (@), T (x) = N Usp N Udown- (37)
The local connection forms are defined on respective domains to be
wip = (Wl (@) |d[ug, (), Wigwn = (Ugown () |d]toyn (), (38)
and related by
wiy = (1) T +wi . on UL NUL.. (39)
Since the exterior derivative of (39) provides dw}, = dwg,,, on Ul N UL ., the
curvature form is globally defined by
dw on Ul
+ up up’
R B o

ny
Sown
Fl (Z = h)
. . Sﬁ
a_ a, P
Fg (Z = —h)
S(?OWH
n_

Figure 2: Division of the sphere into the disjoint union of S7, and S}

with wi, and
Wiown Deing smoothly defined on 3 and S3,,,,, respectively

own

own?’

In order to evaluate the Chern number ¢ of the eigen-line bundle associated with the
positive eigenvalue AT,

=" o (41)
2 S2
we draw two circles I'y and I's determined, respectively, by z = h and z = —h with

0 < h < 1 on the sphere S?%, and divide S? into three regions whose boundaries are these
circles. Two of three regions containing the north and the south poles form a subset

called S ., and the other one containing the equator is called S7,, where we choose the

orientation of each of the circles I'y and I'; so as to be in agreement with that of the Sgp.
Since

2
Sep C UE

2 +
up’ Sdown -y

down?

(42)
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and since the integral over S? is broken up into the sum of integrals over SZ and S}
the Stokes theorem is applied to evaluate the first Chern number as

. . 1
ct ¢ ot = - (/ dw:p +/ dwi‘own> = - (@) ddT, (43)
2 Sgp S2

21 S2 271 1402

own?’

down

where use has been made of (39).

The right-hand side of (43) is minus the sum of the winding numbers of the maps
'y — U(1) by @t with k£ = 1,2, which can be evaluated by using contour integrals along
the circles I'y and I's. The curve I'y is expressed as

z(t) =vV1—h%cost, y(t)=+V1—~h2sint, =z(t)=h. (44)
X +1Y
vVX24Y?
the functions X and Y along the curve I'; are put in the form

X (t) = V3(1 — h?) cos 2t,
Y (t) = 2h(1 — h?)sin 2t,

— 2

We here denote the transition function by ®* = . In the case of (a,b) = (1, —1),

(45)

where (a,b) = (1,—1) has been taken instead of (a,b) = (1,—1)/v/2 on account of the
scale invariance. Since the orientation of I'y is clockwise, the above equations show that
the winding number is —2 for I'y. We can do the same reasoning to obtain the winding
number —2 for I'y, where the expression of I'y is given by (44) with z = —h in place of
2z = h and the orientation of I'y is anti-clockwise. The sum of the winding numbers is —4.
Hence, we have the Chern number ¢™ = 4 for the parameters with a > 0,0 < 0.

In the cases of other parameter values, the same method can be used to evaluate the
Chern number. In the case of a < 0,0 < 0, the definition of UJ; and UJ  becomes, apart
from (36),

Upon =5> —{ns}, UL =5 —{ay,b.}. (46)

We take two circles I'y and I'y in a similar manner to the case of @ > 0 to divide the
sphere into three regions. In the present case, Sgp is defined to be the union of the region
in which either of ny is contained, and S3,,, is the region containing the equator. The
orientation of each of I'y and I'y is determined so as to be consistent with the orientation
of Sﬁp. As a result, the orientations of I'y and I's are opposite to those in the case of
a > 0,b < 0. The formula (43) remains to hold true. Though the orientation of each
curve is opposite, the functions (X,Y) receives the transformation (X,Y) — (—=X,Y), so
that the winding numbers are the same as those in the case of a > 0,0 < 0. Further, the
transformation (a,b) — (a, —b) of the parameters results in the change of Chern number
in sign, as is easily verified. Thus, we have the Chern diagram given in Fig. 2.

Since the sum of Chern numbers of all the eigen-line bundles is zero, the Chern number
¢~ of the eigen-line bundle associated with the negative eigenvalue A~ is minus the Chern
number of the eigen-line bundle for the positive eigenvalue A™. This ends the proof.

5.2 Linearization at exceptional points

In what follows, we give another method to evaluate the Chern number. Instead of
working with the contour integrals along I'y, ', we can deform the two curves into other
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four curves v,k = 1,...,4, without changing the value of the initial contour integrals,
where each of v, is a small circle centered at one of the exceptional points a-,bs. Hence,
the Chern number is equal to minus the sum of winding numbers of ~i;

oo - b (@) 1Dt = zﬁvyk W () = ! /(@)H@f (47)

270 Jr 4, 2mi

We here have to note that the orientation of 74 is counter-clockwise, which results from
the fact that the exceptional points a., b. are assigned to the “down” eigenvector in the
case of a > 0. If we take up the exceptional points n, assigned to the “up” eigenvector,
the orientation of the small circles centered at respective exceptional points are clockwise.
However, we don’t take those exceptional points in the present case for the reason to be
explained later.

Figure 3: Deformation of contours I';,7 = 1, 2, into small circles v;, 7 = 1,2, 3,4, centered
at exceptional points.

We do not need to explicitly calculate the contour integral along 5. The linearization
of X and Y at each of the exceptional points is sufficient for us to know the winding
number. For a_ and b_ with y-components negative, the local coordinates (z,z) are
positively oriented, but for a, and b, with y-components positive, the local coordinates
(z,x) are positively oriented. Since in the case of a > 0,b < 0, one has

X 90X
ox 0z

da(ﬂ ﬂ) <0, (48)
ox 0z /a_.b_
X 09X
0z ox

det ( oy 8_y) <0, (49)
0z oz a+7b+

the winding number assigned to each of a.,by is —1, so that the sum of them is —4.
Hence the right-hand side of (47) or the Chern number is 4 in the case of a > 0,b < 0.
This method was frequently used in [4] (see Eq.(71) in [4]).
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In concluding this section, we have to note that the linearization method adopted
above can not be applied to small circles centered at m. This is because the correspond-
ing determinant evaluated at each of n. vanishes. However, if we take another basis
for expressing the Hamiltonian, the exceptional points appear in another form and this
discrepancy disappears (see Sec. 11.3).

6 Linearization and retraction to a two-level system

In order to work with Chern numbers of eigen-line bundles, we need to know eigenvalues
and eigenvectors by solving the eigenvalue equation, if we follow the standard method.
However, characteristic equations of degree greater than two are not easy to solve. If we
can break up the problem into parts which are tractable, we can reach a solution.

The condition for degeneracy in eigenvalues for Hermitian matrices defined on the to-
tal parameter space R™ x S? splits the control parameter space R™ into disjoint domains
in general. Since degeneracy in eigenvalues occurs for any point of the boundaries of
such domains, we refer to the boundaries of domains as degeneracy surfaces (or curves,
if one-dimensional) in the control parameter space. We are then interested in transition
states which emerges when the parameter value varies from a domain into another across
a degeneracy surface in the control parameter space. We hope that though the Chern
number itself is not easy to evaluate for regular values of the parameter a change or mod-
ification in Chern number may be evaluated, which accompanies a change in parameter
values in crossing a boundary surface in the control parameter space.

With this in mind, we look into what happens in eigen-line bundles at a degeneracy
point. For simplicity, we treat a three-level model, i.e., a traceless 3 x 3 Hermitian
matrix as a full Hamiltonian. For a regular value of the parameter, the eigenvalues of the
Hamiltonian H(x) are distinct, which we denote by A (x) > Aa(x) > A3(x). Let |ex(x))
be the normalized eigenvector associated with the Ax(x). Then, the whole space C? is
decomposed, for any point & € S?, into

C* = span{|e; (z))} @ span{ex(x)) } & span{|es(x)) }- (50)

Assigning each eigenspace span{|ey(x))} to & € S?, one can form an eigen-line bundle
L, — S?%, so that the trivial bundle C? x S? breaks up into the direct sum L; @ Lo @ Ls. If
the parameter takes a singular value sitting on a degeneracy surface, a degeneracy occurs
in the eigenvalues, which take the form, for example, Aj(xg) > Ao(xg) = A3(xp) at a
certain point &y € S?. Then the corresponding decomposition of C3 becomes, at x,

C* = span{le1(wo))} @ span{|ex(o)), |es(x0)) }- (51)

At this moment, the direct sum L; ® Lo ® L3 breaks down. However, if the parameter value
changes into a regular value, then we have the decomposition of the form (50) throughout
S?, but the corresponding eigen-line bundles do not remain to be the same, as is easily
seen from examples of Chern diagrams (see Fig. 1). By L; — S? k = 1,2, 3, we denote
the reconstructed eigen-line bundles. The transition from Lj to Lj corresponds to the
reorganization of band structure.
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A question arises as to whether one can use the subspace span{|es(xy)), |es(xo))} with
xo being isolated, in order to evaluate a change in Chern numbers against the variation
in control parameters by means of the linear approximation of the Hamiltonian on this
subspace or not. If the answer is affirmative, a further question arises as to whether this
method can be extended to apply to n-level system with n > 3. However, if only a pair of
eigenvalues are degenerate at once for a set of critical parameter values, three-level systems
are enough for us to observe how the bundle structure changes against parameters. This is
because, the doubly degenerate eigenvalues are responsible for the topological change but
the other non-degenerate eigenvalues are robust and do not contribute to the topological
change. In what follows, we restrict ourselves to 3 x 3 Hermitian matrices (or 3-level
model Hamiltonians).

6.1 Local Hamiltonians

Let ¢(t) be a curve transverse to a degeneracy surface in the control parameter space.
We assume that the Hamiltonian has doubly degenerate eigenvalues at an isolated point
xo € S? for t = 0 only in the vicinity of ¢ = 0. For Hamiltonians with symmetry by a finite
subgroup G of SO(3), the set of degeneracy points forms an orbit of G in general. We put
the Hamiltonian in the form H(c(t), x) to explicitly indicate the parameter dependence.
Let &, k = 1,2, be a frame or a positively-oriented orthonormal system of tangent vectors
to S% at &y. The tangent plane II; to S? at x( is endowed with the Cartesian coordinates
through > qx€,. Now, the local Hamiltonian is defined to be

Hioe(t, q: o) = H(c(0), o) + tH(c(0), @) + Y quVH(c(0),z0) - &, (52)

where the H denotes the derivative of H with respect to ¢ and V the gradient operator
with respect to «, and where VH -, is the matrix whose (j, ¢)-components are VHj; - &,
with the dot - denoting the inner product already defined (see Eq. (7)). We note that
Hyoc(t, q; o) is a traceless Hermitian matrix as well as H(c(t), x).

Since H(c(t), ) admits the G symmetry, the local Hamiltonian H..(t, ¢; &) also ad-
mits the symmetry by the isotropy subgroup Gq at xg: For h € Gy, the Hy(t, q; x) is
subject to the transformation

AdD(h)Hloc<t7 q; 2130) = Hloc(t: h<2)(]; $0)7 h e GO) (53>

as is easily seen from (11), where D(h) is a representation matrix for Gy and where h(?
denotes the matrix acting on Ily, which is defined through h&, = > i hﬁ)ﬁ ; with respect
to the frame &, at x.

As is easily observed from (8), for g € G, the local Hamiltonian transforms according
to

AdD(g)Hloc(ta q; :L'O) = Hloc(ta q; gm0)7 (54)
if the frame g&, is adopted at gz,
If gyxg = gy, we have the transformation

Adp(g) Hioe(t, ¢ o) = Hioo(t, g, g10), (55)

which results from (10) with h®) being defined in (9), where g; = hg with h being an
element of the isotropy subgroup at gx.
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6.2 Local Hamiltonians in normal form

We assume that Aj(xg) > Aa(@g) = A3(x0) for t = 0. Let |e;(x0)) be a normalized eigen-
vector associated with A\i(xo) and |ea(xp)), |es(ag)) orthonormal eigenvectors associated
with Aa(@g) = A3(xo), where |e;(xg)) and {|ea(xo)), |es(xo))} are determined up to U(1)
and U (2), respectively.

Instead of using the standard basis of C3, we may choose |ej.(x)) as a basis with respect
to which the local Hamiltonian H..(t, q; o) is expressed. Owing to the symmetry, the
isotropy subgroup G leaves each eigenspace invariant. Since the (g is isomorphic to a
cyclic group and since it is Abelian, the representation of Gy on span{|es(xy)), les(xo)) }
is reducible to a direct sum of two one-dimensional vector subspaces. Each of these
subspaces carries an irreducible representation of Gy. We then may take a basis |e (xo))
of C? with respect to which Gy is represented in the form of a diagonal matrix. We
denote by Koc(t,q;x¢) the local Hamiltonian which is expressed with respect to the
basis thus chosen, and refer to K..(t,q;xo) as the local Hamiltonian in normal form.
Let Us = (le|(x0)), |e5(x0)), |€5(x0))) be the unitary matrix formed by the new basis.
Since Kioe(t, q; o) = Uz ' Hoe(t, ¢; 20)Us, all elements of Ki.(t,q; o) as well as those of
Hoc(t, q; o) are linear in ¢, q1, go. In particular, since Kjo.(0, 0; x) is of diagonal form, the
off-diagonal elements i (¢, q) of Kioe(t, q; o) with j # k must be homogeneously linear
in 2 q1,42.

Like (53), the local Hamiltonian Kj..(t, q; o) transforms according to

AdD(h)Kloc<t7 q; wO) = Kloc(ta h(Q)Qa wO)a h S GO> (56>

where D(h) denotes the representation matrix expressed with respect to the basis |e},(x))
mentioned above, taking a diagonal form. It is of great help to give here an example in
order to understand what the symmetry condition (56) implies. We assume that Gy = Cj
and D(h) takes the form
o27i/3
D(h) = e~ 2mi/3 (57)
1

and further that h(? is expressed with respect to a suitably chosen frame &, as

1 V3
=2 2. (58)
2 2

With this setting, Eq. (56) is written out as

2mi/3 2mi/3

r11(t, q) e PR1(tq) e Ri(t, q)
X391 (t, q) Koa(t, q) e~ 2B kas(t, q)

e~ Bra1(t,q) e Braa(t,q) Ka3(t, q)
Fdn(t, hq) kia(t,h?q) ki3(t, hPq)
= | ko (t,hPq) koa(t,hPq) ka3(t,h?q) |, (59)
ka1(t, hPq)  kaa(t,hPq)  kaa(t, hPq)
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which implies that the diagonal elements . (t, ¢) are independent of ¢ and the off-diagonal
elements k;j(t, q) with k # j are independent of ¢ and further that x12(¢, ¢) and ko3(t, q)
are proportional to g1 —igs and k13(t, q) is proportional to ¢ +igo (see (182) as a realization
of (59)).

For g, g1 € G, we have the same transformation rules as in (54) and (55),

AdD(g)Kloc(t’ q; mo) = Kloc(t7 q; ga:l))? (60)

Adﬁ(gl)KlOC(t7 q; mO) - Kloc(t, h(2)q, glwo), (61)

respectively.

6.3 Approximation of eigenvalues for sufficiently small ¢, q

Let Koc(t,q; o) be a local Hamiltonian in normal form. In view of the decomposition
(51), we put Koc(t, q; o) in the form

Qoo  Co1  Co2
Kioo(t,g;x0) = | o1 an 12 |, (62)
Co2 Ci2 Q22

and pick up the lower right 2 x 2 block matrix by setting

Kl(c?(:)(t?q;:BO):(;H C”), (63)
12 Q22

where all off-diagonal elements are homogeneously linear in ¢, gy, go.
The ecigenvalues \* of K1(02c) (t,q; o) are given by (21) with ajq, s, 12 being defined
on the tangent plane Il at x,. For each of the eigenvalues A*, we have two expressions

of the normalized associated eigenvectors;

1 c
E(t q)) = 12 ) e Ut 64
o) = e (e, ) 1 )
1 A\ —a
ut (t,q)) = ( _ 22), eU: . 65
| down( Q)> \/(Ai—a22)2+]012|2 C1o q down ( )

Here, points at which the quantities under the square root symbols vanish are called
exceptional points and the domains Ui Jdown of respective eigenvectors are the tangent
plane with the assigned exceptional points removed.

We wish to show that two of the eigenvalues of Kj.(t,q; o) can be approximated
by the eigenvalues of Kl(fg (t,q;x0) if t,q1,qe are sufficiently small. Let F'(u) denote the

characteristic polynomial for Kj..(t,q;xo). Let A\* be the eigenvalues of Kl((i) (t,q;x0).
Then, for u = A\*, F(u) takes the values

F(OF) = —co1(Co1(agy — AF) — c19€02) + coa(CorCia — coa(ar — AF)). (66)
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We here note that a;; = ag for (¢,q) = (0,0), which are equal to the degenerate eigenval-
ues Ao(xg) = A3(@g), so that a1 — agg is homogeneously linear in ¢, ¢1, ¢2. On this account
together with the fact that c¢y5 is homogeneous linear in ¢, g, g2, both

N —ap = (azz —ay + /(a1 — ag)? + 4\012|2), (67a)

)\i — A9y =

N =N =

<CL11 — 99 + \/(GH — (122)2 + 4|012|2) (67b)

are of the first order in ¢, ¢y, go. Further, co1, coo are homogeneously linear in ¢, qq, g2 as
well. Hence, the right-hand side of (66) is of the third order in ¢, ¢1, go, which implies that
AE well approximate to eigenvalues of Ky..(t,q; o) if ¢, q1, g2 are sufficiently small.

We turn to the eigenvectors associated with the eigenvalues approximate to A*. Let u
be an eigenvalue of K. (t, ¢; o). From the first and the second equations of the eigenvalue
equations composed of three, we obtain an “up” eigenvector

—Co1C12 + (@11 — 1) coe
(a0 — f1)c12 — Co1Coz : (68)
1001|2 - (aoo - M)(an — ,u)

up

If we replace p in (68) by the eigenvalues A\* of K, (2) (t,q; xo) and if we pick up the terms

loc
of order less than two in ¢, ¢1, ¢» from the above vector with A\* for x, we obtain the vector

0
[ago — Ao C12 ) (69)
+
AF —an up
where [agy — )\i]o denotes the constant term from agy — A*. The obtained vector is
reminiscent of |ug (¢)) given in (64), if normalized. Put another way, for sufficiently small
t,q1, q2, the normalized “up” eigenvectors associated with the eigenvalues approximate to
AF project to |ui,(q)).
From the first and the third equations of the eigenvalue equations for Ky,.(t, ¢; ), we
obtain a “down” eigenvector

co1(aga — 1) — Co2Ci2
1002’2 — (ago — 1) (age — 1) . (70)
C12(ago — 1) — Co1Co2

down
In a similar manner to the above, we obtain the vector
0
[ago = Ao [ A* — as ; (71)
612 down

where [agy — )\i]o denotes the constant term from agy — A*. The resultant vector is
reminiscent of |ui.  (q)) given by (65), if normalized. Thus, if ¢,qi,q are sufficiently
small, the normalized “down” eigenvectors associated with the eigenvalues approximate
to A* project to |ui,,.(9))-
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6.4 Retraction to a two-level system

So far we have shown that two of the eigenvalues and the associated eigenvectors for
Koe(t, q; o) are approximated by those for K1(02c) (t,q; o). We now consider the relation

between eigen-line bundles for K),.(¢, q; xo) and those for KI(OQC) (t,q; o).

We denote the normalized eigenvectors of Ky (t, ;o) by [vi (¢,q)) and |ug, . (¢, q)),
where the superscripts £ are attached to the eigenvectors in association with eigenval-
ues close to AT, respectively. The corresponding transition function (ID??,)) (t,q) is defined

through
[0 (, 0)) = ) (1 D) V3 (t,0)). 0 € Vi N Vi (72)

where V5 and ViE  denote the domains of lvi, (¢, q)) and lvi . (t,q)), respectively.

In comparison with this, the transition function @é) (t,q) between eigenvectors |ug (t, q))
and |u  (t,q)) is defined through

[t (1, 9)) = @5 (8 D) U (8, 0)), @ € Ugy, N Uor (73)

Since for sufficiently small ¢, ¢y, o, ]vljfp(t,q)) and |vi..(t,q)), if projected, can be ap-
proximated by [uf (¢,q)) and |ug,,(t,q)), respectively, the transition functions <I>(i3) (t,q)

can also be approximated by @é) (t,q), respectively, if ¢, q1, g2 are small enough. It then

turns out that the eigen-line bundles for the Hamiltonian Kl(fc)(t, q; Tp) approximate to
the corresponding two of those for the Hamiltonian K. (¢, ¢; o) in the sense that the
transition functions @é) (t,q) approximate to @é) (t,q).

7 The two-level system at a degeneracy point

So far we have observed that as long as transition functions of eigen-line bundles are

concerned, the local Hamiltonian Ki..(t, q; o) may be replaced by KI(OQC) (t,q;x0). We
now concentrate on the Hamiltonian Kl(ozc) (t,q; o) from the viewpoint of Chern number

modification accompanying the crossing of a boundary of an iso-Chern domain.

7.1 Geometric setting on the traceless 2 x 2 Hermitian matrices

The condition for a 2 x 2 Hermitian matrix H® to have degenerate eigenvalues is given
by det H® — L(tr H®)? = 0 or equivalently by AjAs — 1 (A1 + A2)? = 0 for the eigenvalues
A, Ay of H®) . Since

1 1
det(H® — _(tr H®)I) = det H®) — _(tr H®)?, (74)

the eigenvalues of H® are degenerate if and only if det(H® — 1(tr H®)I) = 0. The
latter condition is equivalent to the condition for the traceless Hermitian matrix H® —
L(tr H)I to have degenerate eigenvalues. Further, as is seen from (27), the transition
function is independent of diagonal elements except for the factors e*, but the ¢* are
irrelevant to the winding number and hence to the Chern number. Thus, as long as we
are interested in degeneracy of eigenvalues of H® and in related eigen-line bundles, we
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are allowed to study the traceless matrix H® — 1(tr H®)I in place of H®. For this
reason, our interest centers on the traceless 2 x 2 Hermitian matrices. We have already
denoted by H(2) the set of the traceless 2 x 2 Hermitian matrices.

On introducing the Pauli matrices with suffices shifted from the usual ones,

() a( ) ()

the Ho(2) is shown to be isomorphic with R? through the isomorphism defined by

P1
Ho(2) — R, ZPW;@ =mp=|D2|- (76)
k p3

The H(2) is endowed with a metric through
—det(Y_piok) = D vk (77)
k k

which is isometric with the standard metric on R3.

We now show that the adjoint action of a unitary matrix on Hy(2) gives rise to an
orthogonal transformation on R?. Let U be a 2 x 2 unitary matrix, which acts on H(2)
by adjoint. Since the adjoint action on the basis o}, is described as

UoU™ =Y hpol, k=123, (78)
J

we have

U poU™ = hupio?, (79)
k "

and hence

det (U 3 pka,;Ufl) — det (Z pka;) , (80)
k k

which implies that ||hp| = ||p|| with h = (hj;). Thus, the adjoint action on H,(2) by
U € U(2) induces the orthogonal transformation p — hp on R3 by h € O(3). Since
the identity of U(2) corresponds to the identity of O(3) and since U(2) is connected, the
target space O(3) must be restricted to SO(3). Thus we have the map

T:U@2) — SO@B); Uwsh=(hy). (81)

The kernel of this map is of course isomorphic to U(1).

7.2 Relevant 3 x 3 real matrices

Let Kl(fc) (t,q; o) be the retract from a local Hamiltonian Kj..(¢,¢; o) in normal form.

As is mentioned in Sec. 6.4, from the viewpoint of associated eigen-line bundles, we may

make Kl(fc) (t,q; o) into the traceless Hamiltonian

loc loc

- 1
Kol (b0 0) = K (1. g5 0) — 5 (tr KL2(F g3 o)) ] (82)

21



Since the diagonal elements of K1(02c) (t,q; xo) are degenerate eigenvalues for (¢,q) = (0,0),

the diagonal elements of f(l(fg (t,q; o) become homogeneously linear in ¢, g, g2 as well as
the off-diagonal elements. For notational simplicity, we set K(t,q) = f(l(fc)(t,q;wo) and
put K in the form

([ Kun Ky
K(t7Q) - (Ku _Kll) )

where K77 and K5 are homogeneously linear in (¢, ¢, ¢2) € R3. Taking the basis (75)
into account, we express them as

(83)

Ky =ant + buiqi + ciiqe, (84a)
K1y =12t + biagi + c12q2 — i(aist + bizqi + c13¢2), (84b)
where all coefficients, ai1,...,ci3 are real, and the present a;; and ci5 are different from

those used in (20). From these coefficients, we introduce the following real vectors

a1 b1 C11
a = ag |, b= b12 , C—= Cio2 | - (85)
a13 bi3 C13

According to the isomorphism Hy(2) — R?, we have the correspondence
K(t,q) = p(t,q) = at +bq + cqa. (86)
Putting together these vectors, we define the 3 x 3 real matrix by
C(K(t,q)) = (a,b,c). (87)

Then, the right-hand side of (86) takes the form

p(t.q) = C(K(t,9)) (2) , (s8)

where ¢ = (Z;) € R2.
. t o
The vector space R x R? to which (q) belongs is viewed as a tangent space to I' x S?

at (c(0),xo), where I' denotes the curve ¢(t) passing a degeneracy point in the control
parameter space when ¢ = 0. If we denote by Ay the tangent line to the curve I' at ¢(0)
and by II, the tangent plane to S? at the degeneracy point &, € S?, the vector space to

which <f]> belongs is described as Ay x I,.

7.3 Left and right actions of SO(3) x SO(2) on C’(f(l(fc)(t,q;azo))

The adjoint action by U € U(2) on K (t,q) induces the left action of T(U) = h € SO(3)
on p(t,q), which gives rise to the left action of h on C'= C(K(t,q));

C'— hC = (ha,hb,he), h e SO(3), (89)
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as is easy seen form (88).
We here recall that the rotation group SO(2) acts on the tangent plane Iy through

> /igi)é swith £ = (Kﬁ)) € SO(2), which means a change of frames on the tangent plane.

This SO(2) action is expressed as ), /ﬁgi)qk in the coordinates. In view of (88), we see
that the rotation matrix x gives rise to the right action on the matrix C' through

C s Ok, 10 . (1 ﬁ(2)> € SO(2) C SO(3). (90)

Thus we have found that SO(3) x SO(2) acts on C'(K(¢,¢)) in the manner
C(K(t,q) = hC(K(t.q))s”,  (h,x*) € SO(3) x SO(2). (91)

As is easily seen from (91), det C(K (t,q)) is invariant under the left and right action of
SO(3) x SO(2). This implies that det C(K(t, q)) is independent of the choice of the basis
with respect to which the retracted local Hamiltonian Kl(fc) (t,q; To) with vanishing trace
is expressed, and of the choice of the frame on the tangent plane 11y, as long as the frame
in question is positively oriented.

7.4 Invariance of det C’(f((?)(t, q; xp)) on the G-orbit

loc

So far we have studied the local Hamiltonian at a degeneracy point xy. As the set of
degeneracy points on S? forms an orbit of the symmetry group G, we are interested in
the dependence of det(C(f(l(OQg (t,q; :1:0))) on degeneracy points. Let xj = gxo, g € G
be another degeneracy point. Let |e;j(xo)) be a basis with respect to which the local
Hamiltonian Kjo.(t,q; @) is in normal form. The vectors |e;(x))) = D(g)|e;(x0)) are
orthonormal eigenvectors of H(c(0), x(). If we take the basis |e;(x[)) instead of |e;(xy)),
and adopt the frame &, = g€, on the tangent plane IT} at x, then the local Hamiltonian

K. .(t,q; =) on I takes the same form as the local Hamiltonian on IIj,
Kioe(t, ¢;@0) = Kioe(t, ¢; @0), (92)

which results from (60). Hence, retracting the local Hamiltonian to the eigenspace asso-
ciated with the degenerate eigenvalues, we have

K2t gy 2h) = KOt 4; ). (93)

loc

If a frame other than &) is adopted, the left-hand side of the above equation becomes
of the form f(ll(i) (t, kP q; x}) with ) € SO(2). As is already shown in the preceding

o

subsection, det (C(f(/(z) (t,q;x}))) is independent of the choice of the basis |e;(x()) and of

loc
the choice of the frame &}, we find that det C (f(l'éz) (t,q;z()) is independent of the choice
of a degeneracy point xj, in the orbit of xy by G. Put another way, det (C (f(l(ozc) (t,q; .’1:0)))
is invariant on the orbit Oy, of the symmetry group G.

Proposition 7.1 For the retracted local Hamiltonian f(l(fc) (t,q; xo) with vanishing trace,
the det (C(f(l(fg (t,q;o))) is independent of the choice of the basis |ej(xo)) and of the
frame &, at oy, and further it is constant on the G-orbit of xy.
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8 Local delta-Chern at a degeneracy point

In this section, we show that the local delta-Chern at a degeneracy point is related to the
invariant det (C(K(z) (t,q;0))).

loc

8.1 Eigen-line bundles for f(m(t, q; x0)

loc

Since K (t,q) = K® (t,q; xp) is traceless, the degeneracy point for eigenvectors of K(t,q)

loc
is determined by

det K(t,q) =0 & plt,q) = C(K(tq)) @ — 0. (94)

If det C(K(t,q)) # 0, the degeneracy point on the tangent plane I, to S? at x is given
by ¢ = 0 for ¢ = 0 only. This conclusion is consistent with our assumption that xq is
an isolated degeneracy point corresponding to the parameter value ¢(0) in the vicinity of
t = 0. The case of det C(K(t,q)) = 0 will be discussed in Sec. 8.3.

For t # 0, we can form eigen-line bundles associated with the eigenvalues A\*. Accord-
ing to (25) with aj; — age = 2K7; and ¢15 = Ko (the ¢5 referred to in (25) being different
from the ¢ used in this section), the exceptional point at which the eigenvector for the
“up” or “down” eigenvector is not defined is determined in every case by

p2(t, q) = arat + biaqu + c12q2 = 0, p3(t, q) = aist + bizqr + c13g2 = 0. (95)
On setting
B =Bl = (2 ), (96)
13 C13
we find that if det B(K(t,q)) # 0, the exceptional point is given by
t a19 C12 " b12 Q12
a3 Ci3 b13 ais
L )= ——— =1 97
aill) wn o 0 det B 1)

We here note that if the isotropy subgroup at xg is non-trivial then one has a;3 = a13 =0
from the symmetry condition (56), as is observed on the example (59). In such a case,
the exceptional point ¢(t) is fixed at the origin ¢(¢) = 0.

In order to assign the exceptional point (97) to “up” or “down” eigenvector, we return
to Eq. (25) with a3 — ags = 2K73; and ¢12 = Kjp. For the eigenvector associated with
AT, according as K11(t, q(t)) > 0 or Kyy(t,q(t)) < 0, the exceptional point ¢(t) is assigned
to the eigenvector |uf (t,q)) or |uf,,.(t,q)). In contrast with this, for the eigenvector
associated with A\~ according as Ki1(t,q(t)) < 0 or Ky1(t,q(t)) > 0, the exceptional
point ¢(t) is assigned to the eigenvector |ug,(t,q)) or [ug,..(, q)).

The evaluation of Kj; at the exceptional point (97) gives

~ det C(K(t,q))

Kt a®) = 355 E @)
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This means that the sign of K;; depends on those of det C'/det B and ¢. It then turns
out that the domains of respective eigenvectors are given in the following tables:

AF t<0 t>0
det C/det B > 0 U = 1o Ul = Tlo — {q(t)}
Uown = Ho = {a()} | Udpyn = o (99)
detC/detp <o| U= o~ ta®) | Usp =1h
Ugown = 1o Ugown = o — {a(t)}
A t<0 t>0
detC/det B > 0| L= Mo ta®) ) U =1
Ud_own = HO Ud_own - HO - {q(t)} (]‘OO>
det C/det B < 0 Uup = 1o U = Tlo = {q(t)}
Ud_own = HO - {Q(t)} Ud_own = 1_IO

From (99) and (100), we observe, for example, that in the case of det C'/ det B < 0 the
exceptional point (97) is assigned to the “down” eigenvector |ug, .. (t,q)) associated with
A~ for t < 0 and to the “down” eigenvector |ug,  (t,q)) associated with AT for ¢ > 0. In
particular, for ¢ = 0, the point p(¢) = 0 becomes the degeneracy point. This observation
is depicted in Fig. 4, where z, y are used in place of ¢, g2, and where the respective (blue)
small circles for ¢ < 0 and ¢ > 0 are those along which the winding numbers assigned to
respective exceptional points is evaluated, as will be shown in what follows.

The transition functions for eigen-line bundles associated with the eigenvalues A\* are
defined through (73) and given by

X +1iY

where ¢ = sgn(A* + Ky;). The winding number along a small circle v around the
exceptional point ¢(t) on Il with ¢ fixed is evaluated by

(I)Eg) (tv Q) = gi X = pQ(tv Q)a Y = _p3(ta Q)7 (101)

1 + V-1 75+
i 7((I)(Q)) d® ),

(102)

which is independent of e* factor in the definition (101). We here have to be careful in
determining the orientation of the circle 7. The orientation of v should be consistent with
the orientation of the corresponding small circle on the sphere S2. When dividing the
sphere into regions S, and S3 .., by using several circles I'; (see Fig. 2), we choose the
orientation of I'; to be in keeping with the orientation of the region Sﬁp. Then, a small cir-
cle centered at an exceptional point assigned to the “up” eigenvector is clockwise oriented
with respect to the positive frame &;. In contrast with this, the orientation of a small
circle centered at an exceptional point assigned to “down” eigenvector is counterclockwise

(see Fig. 3).
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Figure 4: A schematic representation of the evolution of eigenvalues of a local linearized
model Hamiltonian in a two-level approximation along with variation of a control param-
eter ¢ crossing the boundary of the iso-Chern domain. Exceptional points (blue points)
assigned to the “down” eigenvector are shown in the A, (¢ > 0) and A_ (¢ < 0) compo-
nents.

The winding number assigned to each exceptional point is determined by the sign of

0X 90X
T B b c12\
Oq1 Jq2 (Q1(t),q2(t))

where X = ps(t,q), Y = —ps(t, q). According as the sign of the Jacobian of the left-hand
side of the above equation is positive or negative, the winding number of an counterclock-
wise oriented circle is +1 or —1, as was found in Sec. 5.2. If the orientation of the circle
is reversed, the sign of the winding number is also reversed.

8.2 Delta-Chern accompanying a change in the parameter

We are now in a position to discuss a change in the winding number assigned to the
exceptional point p(t) when the parameter ¢ passes the critical value t = 0, and thereby
to find a local delta-Chern assigned to the degeneracy point xy. From (99) in the case of
the eigen-line bundle associated with A", we observe that according to whether the sign of
det(C(K)) det(B(K)) is positive or negative, the exceptional point p(t) is assigned to the
“up” eigenvector for t > 0 or for ¢t < 0. In comparison with this, if the “down” eigenvector
is chosen, from the same equation (99) it follows that according to whether the sign of
det(C(K)) det(B(K)) is positive or negative, the exceptional point p(t) is assigned to the
“down” eigenvector for ¢ < 0 or for £ > 0. We describe the assignment of the exceptional
point with the symbol O or O , where the small circle
stands for the degeneracy point and the solid and broken lines mean that the exceptional
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point assigned to the “up/down” eigenvector is present and absent, respectively. For
example, the symbol O~ means that there is no exceptional point assigned
to the “up/down” eigenvector for ¢t < 0, and the exceptional point in question is assigned
to the “up/down” eigenvector for ¢ > 0.

As is shown in the last subsection (see (103) and the successive sentences), the winding
number assigned to an exceptional point is determined from the sign of det B together with
the orientation of the small circle depending on whether it is assigned to “up” or “down”
eigenvector. In the case of the “up” eigenvector associated with A*, according to whether
det B(K) > 0 or det B(K) < 0, the assigned winding number is +1 or —1. We denote
by Wso) and W,y the winding numbers assigned to the exceptional points for ¢ > 0
and t < 0, respectively. If there is no exceptional point assigned for ¢ > 0 or t < 0, one
has Wsg) = 0 or Wy<gy = 0. Thus, if det B(K) > 0, to the symbols = O——
and —© , we can assign the transitions Wi<g) = 0 — W) = +1 and
Wi<coy = +1 — Wiy = 0 in the winding numbers, respectively. If det B(K) < 0,
the assigned transitions are W;<o) = 0 — Wyso) = —1 and Wiycg) = —1 — W) = 0,
respectively. We define the symbol AW by AW = W;~q) — W(;<0). A similar procedure is
performed if the exceptional point assigned to the “down” eigenvector is chosen. Putting
all these discussions together, we have the following tables in the case of the eigen-line
bundle associated with AT,

det C(K) det B(K) exc.pt.,, (f) Wicoy = Wisoy | AW

T + oO——— 0 — +1 +1
" _ —— O -1 =0 +1 (104)
_ + —O +1 — 0 —1
_ e oO—— 0 — —1 -1

det C(K) det B(K)  exc.pt.goum(t)  Waeo)y = Wiso) | AW

T T ———O -1 =0 +1
4 e O— 0 — +1 +1 (105)
N 4 o—- 0 — —1 -1
_ — —O +1 — 0 —1

From the left- and rightmost columns of the above tables, we observe that the variation
AW in the winding number is given by

AW = Wiis0) — Wit<o) = sgn(det C(K)), (106)

independently of whether the “up” or “down” eigenvector is adopted in evaluating winding
numbers. Further, this variation is independent of det B(K) as well.

In association with the eigenvalue \™, we see from (47) and (106) that the variation
in the Chern number contribution from a degeneracy point x(, or the local delta-Chern,
is given by

Ate(mg) = —sgn(det C(K (¢, ¢; x0))), (107)

loc

where the superscript * indicates that the quantity in question is associated with the
eigenvalue AT. Note that the ATc(x) is evaluated for the parameter transition from the
t < 0 side to the ¢ > 0 side.
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In comparison between (99) and (100), we observe how the exceptional point is assigned
to the “up” or “down” eigenvector, and thereby can obtain tables for the eigenvalue A\~

like (104) and (105), from which we see that A~c(xy) = —ATc(xy). This is because the
sum of the Chern numbers is invariant against the rearrangement of bundle structures.

8.3 The extension of the local delta-Chern formula

In obtaining the local delta-Chern formula (107), we have assumed so far that det C'(K) #
0 and det B(K) # 0. We now consider what happens if det C'(K) = 0. Let us assume that
rank C'(K) = 2. Then, one has dimker C'(K) = 1. If the one-dimensional vector space
ker C'(K) is transverse to the (qi1,¢2) plane in the (¢, ¢, g2)-space, we have a degeneracy
point parametrized by t on the (qi,¢2) plane, by projecting ker C'(K) onto the (g1, ¢q2)
plane for ¢ # 0. In this case, eigen-line bundles cannot be defined on the (q1,¢2) plane.
In contrast with this, if ker C'(K) is sitting on the (g1, ¢2) plane, we have a degeneracy
line (i.e., a continuum of degeneracy points) on the (g, ¢2) plane for ¢ = 0 only, and
no degeneracy point appears on the (qi,¢2) plane for ¢ # 0. Then, we may talk about
eigen-line bundles on the (¢, ¢2) plane for ¢ # 0. If rank C(K) = 2 and if for ¢t # 0
there are no exceptional points emerging from the degeneracy point, or equivalently, if

the assignment of exceptional points is described by the symbol © , wWe

may have Ate(xg) = 0. Here, we note that the condition for no exceptional point for
t#0is

rank Cy(K) > rank B(K), Cy(K) = (a” biz 012), B(K) = (b12 C”), (108)

a3z bz ci3 biz ci3

as is seen from (95). Hence, the delta-Chern formula is extended so that Ac™(xy) =0 =
—sgn(det(C(K))) may hold, if the definition of sgn is extended so as to be sgn(z) = 0 for
r=0.

If rank C'(K) = 1, the vector space ker C'(K) is two-dimensional. If it intersects with
the plane t = 0 along a line, there exists a degeneracy line parametrized by ¢ on the
(q1, g2)-plane for ¢t # 0, when ker K (C') with ¢ fixed is projected there. In this case, eigen-
line bundles cannot be defined either. If the ker K(C') coincides with the (g1, g2)-plane, we
have a degeneracy plane for ¢ = 0 only, and no degeneracy points exist on the (g1, ¢2)-plane
for ¢ # 0. If further Eq. (108) is satisfied, there is no exceptional point for ¢ # 0. Since
rank C'(K) = 1, the only possibility for this is that the left-hand and right-hand sides of
(108) are 1 and 0, respectively. Then, one has B(K) = 0, but the delta-Chern formula
may work to result in the vanishing delta-Chern. If both sides of (108) are equal to 1,
there exist exceptional points for ¢t # 0. However, those points form a line, and hence the
linearization method fails as well. If both sides of (108) are equal to 0, the linearization
method fails of course.

If the linearization method fails at an degeneracy point, we can define the local Hamil-
tonian by adopting quadratic terms or the first non-vanishing higher-order terms from the
expansion of the full Hamiltonian in terms of local coordinates on the tangent plane to S?
at the degeneracy point. Then, the variation in winding number AW = W;~q) — Wi<o)
can be calculated for the exceptional point of the “up” or “down” eigenvector of the local
(quadratic) Hamiltonian, though the second equality of (106) fails. The local delta-Chern
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assigned to the degeneracy point is now obtained as —AW for the eigen-line bundle as-
sociated with the positive (or negative) eigenvalue, as will be mentioned in Sec. 14.1. We
will give such an example in Sec. 14.2.

9 Global delta-Chern

We proceed to the global delta-Chern for the full Hamiltonian. Since det C' (.f(l(fc) (t,q;x0))
is invariant on the G-orbit O, of Ty, we have

Atc(xy) = ATe(gzg), gxo € Og,. (109)

In summary, in association with A", the total amount of the delta-Chern throughout the
G-orbit is given by

ATe(Og) = Y Ate(gmg) = (#0a,) AT (o). (110)
920€0z
So far we have studied the local delta-Chern in relation to the retract f(l(fc) (t,q;x0)
from Kie(t, ¢; o) in normal form with respect to the basis |e;(xo)). Our last task is to
relate the totality (110) of the local delta-Chern to the global Chern number modification
or global delta-Chern for the full Hamiltonian H(c(t), ) against the variation in ¢t. Let
K(c(t),z) denote the Hamiltonian expressed with respect to the basis |e;(xo)). From
the viewpoint of eigen-line bundles, we may use K(c(t), ) as well as H(c(t), x). Let Ay
be a tangent line to I at ¢(0) in the control parameter space. Then, there exists such a
neighborhood of the origin of Ay x1IIj that it is diffeomorphic to a neighborhood of the point
(c(0), o) in T x S? where (t,q1,q2) serves as a coordinate system on this neighborhood
(see the last paragraph of Sec. 7.2). If projected on Ag x Il and expanded in terms
of (t,q1,¢2) in the neighborhood mentioned above, the K(c(t),x) can be homotopically
deformed to Kjuc(t, q; o) by making higher order terms smaller and then vanish.
We now denote by |wljfp Jdown(t>®)) the normalized “up” and “down” eigenvectors as-
sociated with the eigenvalues v*(t,x) of K(c(t),x), where v*(t, ) are supposed to be
approximate to the degenerate eigenvalues \y(¢(0), o) = A3(c(0), &) in the neighborhood
of (¢(0),xg) € T' x S%. Then, the setting for constructing the eigen-line bundles for the
full Hamiltonian is given by
K(c(t), z)|wE (t,x)) = vE(t, z)|wE (t,x)), (111)

up/down up/down

wip(t, ) = QR (t @) Wiy (t @), @ € Wi NI

down?

(112)

where @ (t, ) are the transition functions and WE and Wi .. are the domains of the
“up” and “down” eigenvectors, respectively. In a similar manner, the setting for the local
Hamiltonian is

Kioe(t, 6 20) |03 jqonen (1 @) = 17 (8 @) 103 g (8 1)) (113)
[vap(t:@)) = @5 (. @) [Vt @), 0 € Vi N Vi (114)
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Since the K(c(t), ) can be homotopically deformed and projected to Kiu(t,q; @), the

eigenvectors |w1jfp Jdown (t; @)) are also homotopically deformed and projected to |vfp Jdown (6> @)

and thereby the transitions function ® (¢, z) is homotopically deformed and projected
to (13(3) (t,q) as well. As we have already observed, (I> 3 (1, q) is approximated by <I>(2) (t,q),
if ¢,q1,q2 are small enough. Thus, we verify that the winding number is deformation
invariant:

1

1 1
+ \— + + \— + +
i | (@R N0t = 5 [ @t aet = o [ @) aes, )

™

where 7 is a small circle centered at the exceptional point, say, for ]w L(t,x)) in the
neighborhood of &y in S? for either t > 0 or ¢t < 0, and where 7/ and 7" are small circles
centered at the corresponding exceptional points in the neighborhood of the origin in Ilj.

From (115), we see that the Chern numbers ¢* of the eigen-line bundles associated
with the eigenvalues v* of the full Hamiltonian are given by

! - 1
- Z%/’Y(beiull) Mg, = —ZWi(7}/)7 Wi(fy;.’) = %/7 (‘I)(iz)) ld@é)
J J j

J
(116)
Since the formula (110) is established on the variation (106) in winding numbers, the
variation in Chern number for the full Hamiltonian is given by the formula (110) as well.

Theorem 9.1 Assume that accompanying the change in the parameter ¢ from the t <
0 side to the t > 0 side, the direct sum of eigen-line bundles for the full Hamilto-
nian H(c(t),x) is reorganized through the degeneracy of eigenvalues, A;(c(0),xo) >
Xo(c(0)xg) = A3(c(0),xg) at t =0, as

Then, the total (or global) delta-Chern is given by

C(Ll) — C(Ll) AOC(mo)
o(Ly) — (L) | = Ae(O,y) = (#05)Ac(mo),  De(zy) = | Ate(ao) |, (118)
C(Lé) — C(Lg) A*c(mo)

where the over-right arrow is attached to indicate that the change in the parameter ¢
is in the positive direction, and where A%(zg) = 0 and A~ c(xg) = —ATe(xg). If the
degeneracy is of the form A (c(0),xg) = A2(c(0), o) > A3(c(0), x), Egs. (117) and (118)
take the form

c(Ly) — e(Ly) A+c(w0)
e(Lh) — e(Ls) | = Ae(Os,) = (#Ou)Bél@o).  Aelmo) = | Aelmo) |, (120)
c(L3) — c(Ls) Ac(zo)

respectively. If the variation in the parameter is reveEed, i.€., frg)n the ¢ > 0 side to the
t < 0 side, the delta-Chern is also reversed through Ac(xzy) = —Ac(xy).
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As is suggested by the above formula, the formula (118) and (120) can be extended
to an n-level system in which only two of eigenvalues are degenerate and the others are
distinct, if the G-orbit is a finite set.

Though we have obtained Theorem 9.1 in the case where the linearization method
works. However, if the delta-Cherns A*c(xg) can be evaluated, and if the A%c(xy) are
constant on the orbit of &y by G, this theorem holds true. As was mentioned in the last
paragraph of Sec. 8.3 and will be explained in Sec. 14.1, we can evaluate the delta-Chern
A*c(xy) for a, say, quadratic local Hamiltonian by modifying the study made for the case
of linear local Hamiltonian. We will give an example in Sec. 14.2 in which a quadratic
local Hamiltonian provides the global delta-Chern.

10 A three-level model with O symmetry

We are to apply the global delta-Chern formula to find out the iso-Chern diagram for the
three-level model Hamiltonian given by (19). The first task is to identify the iso-Chern
domain by determining degeneracy curves in the control parameter space R? = {(a,b)}.
The next task is to find the Chern numbers of respective eigen-line bundles assigned to one
of iso-Chern domains. The third task is to calculate the delta-Chern accompanying the
crossing the boundaries of iso-Chern domains by applying Theorem 9.1 with respective
local Hamiltonians in normal form. Putting these results together, we can complete the
iso-Chern diagram for the Hamiltonian (19) coming from [20].

10.1 Degeneracy points and iso-Chern domains

The first task is to find degeneracy curves in the control parameter space R? = {(a,b)}.
As is already known, the degeneracy points on the sphere S? form G-orbits, and the sphere
S? is stratified into strata according to the action of the symmetry group G. As for the
octahedral group, the stratification of the sphere is well known. Each stratum consists
of points at which the isotropy subgroup of the O group is isomorphic to a cyclic group
C; with i = 1,2,3,4. With respect to the Cartesian coordinate system we adopt on R3,
the strata with isotropy subgroups Cj, j = 2, 3,4, form O-orbits, which are given by (34),
(31), (33), respectively. Since these points are entitled to be degeneracy points on S,
we are in turn allowed to find corresponding degeneracy curves in the control parameter
space by using these points. Because of symmetry, we may choose a point from each
O-orbit to find such degeneracy curves. The stratum with the trivial isotropy subgroup
C; will be treated separately.

We first pick up a point o = (\%, \/Li, 0) at which the isotropy subgroup is Cs. Then,
the Hamiltonian is evaluated at xo as
a b % 1
22 V2 V2
H(zo) = 2 T2 Bl To=| 5] (121)
Vi@ 0

1S written out as

_ %(a — A %(aQ tab+2)) =0, (122)

~—

The characteristic equation for the H(x

>
o

det(A] — H(zo) = (A + %(a —b)) (
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whose solutions are given by

1 1 1 /1
—Q(a—b), Z—l(a—b)ié\/z(a—b)2+2a(a+b)+4. (123)
Since the quantity under the square root is positive, degeneracy in eigenvalues occurs
between the first eigenvalue and one of the last two. The condition for the degeneracy is
shown to be equivalent to
b? — 2 = 3ab. (124)

Hence, when degenerate, the three eigenvalues given above are expressed, independently
of sgn(b), as

1 1 2 1

1 1
3(b+b), 3(b+b), 3(b+b). (125)
This implies that according to whether b > 0 or b < 0 the degeneracy occurs between
upper two eigenvalues or between lower two eigenvalues. Then, the degeneracy occurs in
theform)\1:>\2>/\3 fOI'b>OOI')\1>)\2:>\3 for b < 0.

We turn to a point xq = (\/ig, \/ig, \/Lg) at which the isotropy subgroup is C5. The
Hamiltonian takes the form at xg

i b i b 1
'O b Vi L +b§ ??:
H(.’BQ) = —\/Lg + 3 0 L3 + 3 s g = 7§ (126)
44 b 14 b 0 1
V3 3 V3 3 V3
The characteristic equation is expressed in the factorized form as
2 1 1
det(M — H(zg)) = (A — gb) (A+ b - 1) (A + b+ 1) =0. (127)
The eigenvalues are then given by
2 1 1
-b, —=b+1, —=b-—1. 128
37 3 +h 3 (128)

Degeneracy in eigenvalues occurs between %b and —%b + 1 for b > 0 and between %b and
—%b — 1 for b < 0. Hence, the degeneracies occur for

b=+1. (129)

ST

According to whether b = 1 or b = —1, the eigenvalues are \; = \y = %,)\3 = —
AL = %,AQ = A3 = _g'

We proceed to a point @y = (0,0,1) at which the isotropy subgroup is Cy. The
Hamiltonian H(x() evaluated at x, is put in the form

or

a 1+ 0 0
Hxy)=|—t a 0 |, xo=10]. (130)
0 0 —2a 1

The characteristic equation for H(x) is expressed as

det(\ — H(zg)) = (2a + \)((a — A)* +1) = 0. (131)
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The eigenvalues are then given by
—2a, a=+1. (132)

Degeneracy of eigenvalues occurs between —2a and a — 1 for @ > 0 and between —2a and
a+ 1 for a < 0. It then follows that the degeneracies occur for the parameter values

1
0=y (133)

According to whether a = % or a = —%, the eigenvalues are A\; = %,)\2 = \3 = —% or
AL =Xy = %,)\3 = —%.

Thus we have obtained the degeneracy curves (124), (129), (133) in the control pa-
rameter space. The remaining task is to consider the O-orbit with the trivial isotropy
subgroup C;. To this end, we can work with the discriminant for the characteristic
equation det(A] — H(x)) = 0 in terms of invariant polynomials for the O group. The
calculation for the discriminant can be made by using computer algebra. As a result, the
discriminant D(a, b, x) of the characteristic equation is expressed, in terms of the invariant
polynomials for the O group,

Po=a*+y*+ 2% Pi=2*+yt+ 2t Py = 2%y, (134)
as

D(a,b,x) = £(3a —b)*(3a + b)*P}
—3(135a* — 90a®b — 3a?b?® — 144a® + 60ab + 12ab® — 4b* + 36 — 2b*)(3a + b)? P}
+2(3a — b+ 2)(3a + b)(3a — b — 2)(18a® + 6a%b — 3ab® — 12a — 8b — b*) P4
—27(3a — 2b)(—ab + 3a* — 2)(3a + b)3 P, s
+27(3a — 2b)(5a® — ab* — 2a — 2b)(3a + b)*Ps
—27(3a — 2b)*(3a + b)*P?
—2(3a —b—2)(3a — b+ 2)(81a* + 54ab — 36a* — 9a?b? — 60ab — 12ab® — 2b* + 4 — 20b?)

(135)

where P, has been set as P, = 1 on account of the constraint to the unit sphere. We

can show that this discriminant does not vanish on the C; stratum by verifying that the

discriminant is positive on the C stratum, whereas it vanishes only on the Cj strata with

Jj =2,3,4. In order for D(a,b, x) to have a zero at some internal point of the C} stratum,

the discriminant viewed as a quadratic polynomial in Py should vanish, which condition

is written as

54(3a — 2b)*(3a + b)*((9P; — 3)a® + (1 — Py)b* +2)* = 0. (136)

Since the range of Py is % < P; <1 on the unit sphere, the last factor of the left-hand side
of the above equation never vanish. Hence, we have two possibilities for the vanishing of
the left-hand side, which are 3a — 20 = 0 and 3a 4+ b = 0. (i) In the case of b = —3a, the
discriminant takes the form

D(a,—3a, ) = 4(3a — 1)*(3a + 1)°. (137)
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This discriminant vanishes at a = %, b=—-1landa= —%, b = 1. We have already obtained
these two points in the control parameter space, which are the simultaneous intersection
points of the Cy, C3, and C} degeneracy curves and will be discussed in detail later on.
(i) In the case of 3a — 2b = 0, the discriminant becomes

3a

D(a,;,w)
19683 4 2187 , 45927 15309 .\ o,
W ( )
128 ¢ 1t d 128 ¢ "t 16 )
32805 , 6361 , 6561 . 2997 , 693
643a )P——6 S A2y 138
(128 5 ¢t AT gt T g Tt (138)

As a polynomial in P with the range L < P4 < 1, the above function vanishes only when
P, =1, é, L However, the values Py = 17 55 3 are taken only at the orbits whose isotropy
subgroups are Cy, Cy, Cs, respectively. It then turns out that there is no degeneracy points
with isotropy subgroup Cf.

The degeneracy curves are now shown in Fig. 5, which form boundaries of iso-Chern
domains. To each point of degeneracy curves in Fig. 5, there corresponds a set of degen-
eracy points on S2%, which forms an orbit of the O group. The symbols O} attached to
each degeneracy curve denote the isotropy subgroups at corresponding degeneracy points

in S2.

C3 a
2]
1: C
SRPSP AN MRS SR A b
] ' C
] 4
Cs ]
Cs

Figure 5: Degeneracy curves in the space of control parameters for the Hamiltonian (19).

On account of Theorem 9.1, we see that the global delta-Chern is given by #0O,, =
#Go/#G times the local delta-Chern A*c(xy) at a representative degeneracy point x.
If the Chern numbers of the eigen-line bundles assigned to one of iso-Chern domains,
the Chern numbers of the eigen-line bundles assigned to every iso-Chern domain are
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evaluated by using the global delta-Chern formula. Our next tasks are to choose an iso-
Chern domain to evaluate the Chern numbers as easily as possible and then to find the
local delta-Chern accompanying the crossing of degeneracy curves of every type Cj.

10.2 A seed system

We pick up the iso-Chern domain containing the origin of the control parameter space.
The simplest model is given by setting a = b = 0,

0 1z —iy
H(x)=|—-iz 0 iz |, x5 (139)
1wy —ix 0

which has eigenvalues A = 0, £1. For A = 0, the normalized eigenvector is given by
' (x)) = =, (140)

which is globally defined on S?, so that the associated eigen-line bundle is trivial. Hence,
the Chern number of this eigen-bundle is 0.

We proceed to the eigen-line bundle associated with A = 1. A normalized eigenvector
associated with the A = 1 is given, in two ways, by

1 -T2z — 1y
wi (@) =——= | —zy+iz | on W =5"—{z==1}, (141a)
21 —=2%) \ 1_ .2
1 1— 22
Wionn (%)) =——== | —2y —iz | on W, = S? —{x =41} (141b)
2(1—a?) \ _.y + 1y

The transition function is defined through |wf (x)) = ®*(x)|wg,,,(x)) and given by

—2x — 1y

Ot (x) = on Wtrnwi . 142
( ) \/(1 — 22)(1 — $2) up down ( )
The local connection forms are defined to be

Wiy = (Wi (@)|dwi, (), Wigen = (Waon () |dwd g, (2)) (143)

on WJ; and on Wi respectively, which are related by
wiy = 0T (x) 1Ot () + wi,, on WENWE L. (144)

The curvature is globally defined by
dwt on W

+ up up?

Q { dw(Jirown on W(;gwn' (145>
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This system is so simple that we can calculate the Chern number in a straightforward
manner. In terms of the spherical polar coordinates (6,¢) on S? the local connection
form is expressed as

+ o (ot + —
wap = (wy, () |d|wy,(2)) = icos Od, (146)
and then the curvature as
QF = dw, = —isinfdf A do, (147)
so that we have the Chern number
' 1
L[ ar== [ sin0dide=2. (148)
2 S2 ™ Jg2
The Chern number of the eigen-line bundle associated with the eigenvalue A = —1

should be —2. Thus, we have obtained Chern numbers of respective eigen-line bundles,
which are assigned to the iso-Chern domain {(a,b) : |a| < 3, [b] < 1}.

10.3 Delta-Chern in crossing (5 degeneracy curves

We consider the degeneracy curves defined by (124) in the control parameter space. As
each point of the degeneracy curves (124) has corresponding degeneracy points on S?
which form the orbit of the O group with the isotropy subgroup isomorphic to Cs, we
refer to the degeneracy curves (124) as Cy degeneracy curves. As is shown in Fig. 5, the
curves have two components, which are distinguished by b > 0 and b < 0. There are four
intersection points with the other degeneracy curves, which are (a,b) = (3, —1), (=3, 1)
and (a,b) = (3,2),(—3,—2). As will be seen later, the triple intersection points (a,b) =
(3,—1), (—3,1) are distinguished from the double intersection points (a,b) = (3,2), (=3, —2)
and have to be excluded for the reason of the validity of the linearization method.

The Hamiltonian we treat at first is given by (121) together with (124). For b > 0,
orthonormalized eigenvectors associated with the degenerate eigenvalue A\ = Ay = %(b%—%)

are obtained as

i

lex(zo)+) . } |ea (o)) . B 149
e1(x =— . ea(x =—| = |,
1 0)+ \/5 O 2( 0)+ 1 T b2 \{f ( )
and a normalized eigenvector associated with A3 = —2(b+ 1) is given by
ib
les(@o)+) — " (150)
es(x = -2 1.
3\L0)+ 1+ 02 1\/5

The eigenvectors |ey(xo)y), k = 1,2,3, form an orthonormal basis of C3, where the sub-
script + is attached to indicate that b > 0.

We turn to the case of b < 0. For the degenerate eigenvalue Ay = A3 = £(b + ), we
have the normalized eigenvectors

%

_ ! 1 = ! _1'75 151
|€2($0)—>—E . ) |€3($0)—>—ﬁ ? ) (151)
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and for \; = —2(b+ ) > 0, we have

ib
le1(2o)-) ! % (152)
e1(lxg)) = —— | —*%

2 V2l
vV1+b 1

where the subscript — is attached in reference to b < 0.
We note here that according to the parameter inversion (a,b) — (—a, —b), the Hamil-
tonian is subject to the transformation

H(CL7b, iB()) = —H(—CL7 —b, 330), (153)

where we have denoted the Hamiltonian by H(a,b, o) to show its dependence on the
parameters a, b. The above equation implies that the eigenvectors |ex(xg)+) and |ex (o))
are related by the complex conjugation and the inversion of the parameter b. For example,
the complex conjugate of |es(xg);) with the inversion b — —b is equal to —|es(xg)_).

We now treat the isotropy subgroup Go = Cy at @, where xg is given in (121). The
generator of this subgroup is given by

h=|1 . (154)
~1

As is easily seen, the representation matrix of h with respect to |ex(xo), ) is expressed as

1
pP(my={ -1 , (155)
—1

where the subscript + is attached to indicate that the basis |ex(xo)+) is adopted. In
a similar manner, we obtain the representation matrix of A with respect to the basis
ler(@o)-),
—1
D®(h) = 1 . (156)
—1

Our next task is to take a frame on the tangent plane Ily at xy. We here take the
frame at xg as

0
El = = 1 ) 52 =10 > (157)
1

which is positive in the sense that &, x £, = x(, where the x( in the right-hand side of this
equation is identified with the unit out-going normal vector at ¢y € S?. The Cartesian
coordinates (qi,¢q2) are introduced on the tangent plane Ily through ¢;&, + ¢2&,. With
respect to the frame (157), the action of h on the tangent plane Il is expressed as

h? = (_1 _1) . (158)
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We proceed to calculate the local Hamiltonian defined on the product of the tangent
plane Iy at @y and the tangent line Ay at t = 0 to a curve (or a line) ¢(t) transverse to
the Cy degeneracy curve. We take the c¢(t) as

c(t) = (a+t,b), 3ab=0>—2, b#=+l, £2, (159)

where t is restricted to such an interval that the line segment ¢(¢) with |¢| < & may not cross
any other degeneracy curves, and where the conditions b # +1, +2 are imposed so that
the line segment ¢(t) may not pass the intersection points of degeneracy curves. Following
the definition (52) of the local Hamiltonian, and expressing the local Hamiltonian with
respect to the basis |e;(xo)+) given by (149) and (150) for b > 0, we obtain the local
Hamiltonian in normal form,

Kloc(ta q; wO)—i—

To+1) -1 —2(b=1/b)igq1 +(b°~1)q> (b?—3)iq1+2bgs
3 b , 2 Vis? 2 V1+b2
| 2(b—1/b)iqa+(b*—1) 1 1 -5+ 3b
—(b®—3)iq1+2bg 3b 2 1 1-1p
\/1+;2 : 2(1+b2)t _E(b+ 5) + 1+2b2 t

In a similar manner, with respect to the basis |e;(x)_) given by (151) and (152) for b < 0,
we obtain the local Hamiltonian in normal form,

Kioe(t, ¢; o) -
12 0 s
—2(h4+ 1y 4 L L —(b2—3)iq1+2bgs 0
3 b 1162 T
- (’32*5’>)i—ql+2bq2+ L ﬁ_ 1, =200-1/b)ig (0= (161)
A/ 2 5 .
15b 2(b3—1/b)iqf+(62—21)q2 Lip I/Hb —5+b°
V12 5( +5) + 3t

Retracting the local Hamiltonian to that on the eigenspace associated with the degen-
erate eigenvalues, i.e., picking up the upper left 2 x 2 block matrix for b > 0 and the lower
right 2 x 2 block matrix for b < 0, and making each of those matrices into a traceless
matrix, we obtain, in both cases of b > 0 and b < 0,

: —agl arqy — 1/iq
K@ ¢x)y = @o ! , 162
e (1145 @) (041(]2 +if1q apl (162)
where 302 b1 20 — 1)
B = (163)

= —r, 0 =—F/——x, ——.

T+ T ViR NiEn:
Then, the relevant matrices C'(K4) and B(K ) defined in (87) and (96), respectively, are
expressed as

— Q) 0 0
Ck)=[ 0 0 al. B(Ki):(o al). (164)

Since det B(K4) # 0 and since

>0 for b>0, b#1,

<0 for b<0, b#-—1, (165)

det C(Ki) = &0@161 {
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we find from (107) that

—1 for >0, b#1,

+ _
Ale(@o) _{ 41 for b<0, b#—1. (166)

It then follows from (118) and (120) with #O,, = 12 that the delta-Chern accompanying
the variation of the parameter ¢ from the ¢ < 0 side to the ¢ > 0 side is given by

( A+C(w0> —12
HOupo | A c(xo) | = | 12 for b>0, b#1,
0
Ae(Ony) = A o) " (167)
AOC(wo) 0
#HOg | Atc(xo) | = | 12 for b<0, b#—1.
A~ c(xy) —12

\

We have to make remarks on the case of b = +1,+2. As is seen from (163) and
(164), if b = £1 (or if (a,b) = (—3,1),(3,—1)), then one has rankC(K1) = 1 and both
sides of Eq. (108) vanish; rankCy(K 1) = rankB(K+) = 0. As was already mentioned in
Sec. 8.3, the linearization method fails in these cases. In contrast with this, if b = +2 (or if
(a,b) = (3,2), (—3,—2)) in spite of our initial assumption in (159), Eq. (167) is valid, but
we have to take into account the formula (209) at the same time for the delta-Chern, since
at the points (a,b) = (3,2), (—3, —2) isolated degeneracy points exists simultaneously on
the Cy and Cj degeneracy curves.

10.4 Delta-Chern in crossing (3 degeneracy curves

We deal with the degeneracy curves defined by (129) in the control parameter space,
which we call the C3 degeneracy curves (or lines). As is done in the preceding section,
the triple intersection points (a, b) = (%, —1), (—%, 1) have to be excluded, but the double
intersection points (a,b) = (3,1), (—3, —1) are included with due attention. We will make
a remark on this problem at the end of the present subsection. The Hamiltonian we
start with is given by (126) together with (129). For b = 1, orthonormalized eigenvectors

associated with the degenerate eigenvalues \; = Ay = % are given by

o™i/ o Ti/3
1 1 /3 (168)
ler(@o)s) =—= | 1 |, leawo)y)=—Fx| " |,
V2 \ o LA
and a normalized eigenvector associated with A3 = —% is given by
o27i/3
=— | —em/? 169
es(x e ,
| 3( 0)+> \/g ) ( )
where the subscript + is attached to the eigenvectors in reference to b =1 > 0.
Eigenvectors for b = —1 are easy to find by using the relation

H(@o)p=-1 = —H(xo)|p=1- (170)
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It turns out that the normalized eigenvectors of H(xg)|,—_1 associated with the eigenvalue
A = % is given by

. o—2mi/3
o) = 5 | = ) am)
and those associated with the degenerate eigenvalues Ay = A3 = —% are given by
. o—Ti/3 . 6m/3
lea(mo)-) = —= | 1 |, les(mo)-)=—x|e™?|, (172)

V21 o Ve o

where the subscript — is attached to the eigenvectors in reference to b = —1 < 0.

We now treat the action of the isotropy subgroup at the degeneracy point x, given
in (126). The isotropy subgroup Gy at x( is isomorphic with the cyclic group C3 and
generated by

1
h=1]1 . (173)
1

A straightforward calculation shows that with respect to the basis |ex(xo)+) given by
(168) and (169) the matrix expression of h takes the form

lemj/?) ﬁe—m’/Z% 0

3) B 1

D(h)= | 2 Lem/ 0 |- (174)
0 0 67271'1'/3

Since the isotropy subgroup Gy = (5 is Abelian, the representation matrix can be of
diagonal matrix form with respect to a suitably chosen basis. By introducing the new
basis

(ler(xo)+), lea(@o)+), €5 (o) +)) =(ler(@o)+), [e2(To)+), les(@o)+)) U, (175a)
em’/6/\/§ eﬂ'i/()’/ﬁ 0

Up = [ie™/5/v2 —ie ™/5/v/2 0], (175b)
0 0 1

the representation matrix (174) is diagonalized into

1
DY (h) = e2mi/3 . (176)

6—27rz/3

We turn to the case of b = —1. Introducing the new basis by

(le1(m0)-), e5(wo)-), €5 (@o) ) =(lex (o) -), |e2(wo)-), les(@o)-))U-, (177a)
1
U_ = e ™62 e ™02 | (177b)
Z'em'/6/\/§ —ieﬂi/6/\/§
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we have the representation matrix of the diagonal form
627ri/3

D®(n) = e=2mi/3 | (178)
1

The isotropy subgroup Gy = Cs acts also on the tangent plane II; to S? at =, where
x( is given in (126). We take the frame on Il as

1 -1 1 -1

51:% (1) ; 52:% —21 : (179)

This frame is positively oriented, since &; X &, = xg. The action of h on the plane Iy is
easily found to be expressed with respect to the basis &,k = 1,2 as

D S VE]
=2 7). (180)
2

_1
2

Our next task is to find the local Hamiltonian in normal form. The C5 degeneracy
curves has two components, which can be distinguished by the sign of b. We take a curve
transverse to the C5 degeneracy curves in the control parameter space as

c(t):{ (a,14+t) for b>0,

1
(a,—1+t) for b<0, a7 ié’ (181)

where the parameter t is restricted to |t| < e so that the curve ¢(t) may not cross other
degeneracy curves in the control parameter space. Following the definition of the local
Hamiltonian (52), and expressing the local Hamiltonian with respect to the basis [e;(2o) )
given by (175) for b > 0, we obtain the local Hamiltonian in normal form,

24+2¢ (g —ig)  Be™5(q1 +igo)
Koot ;o) = | —iv(q1 + igo) 21 ve™/O(q —igo) |, (182)
Be ™/0(q —igy) ve ™5(q1 + iqa) —i-4

where

72\/§(a+%), B:\/ﬁ(a—%). (183)

In a similar manner, with respect to the basis |e(xo)_) given by (177) for b < 0, the local
Hamiltonian is expressed as

/q - % Be™/5(qy — igo) Oéem/ﬁ(fh + igo)

Kioe(t, q; o) - = T (qy + igy) -2 iB(qr —iq2) |, (184)
m/G(Ch —iq2)  —iB(q +ige) —24+ 2

where ] 5
b= \/i(a—g), Oé:\/ﬁ(aJrg)- (185)



Retracting the local Hamiltonian to that on the eigenspace associated with the de-
generate eigenvalues, i.e., picking up the upper left 2 x 2 block matrix for b > 0 and the
lower right 2 x 2 block matrix for b < 0, and making each matrix into a traceless matrix,
we obtain, in the cases of b > 0 and b < 0,

t . .

~(2) 5 (g1 — iga)

Kioe (t:@:20) + (—W(Ch +iqo) -3 ) 7 (186)
t . .

~(2) 0, _ -3 iB(qr —ig2)

Kioe (t, 45 @0) - = (—iﬁ(ql + igo) 5 ’ (187)

respectively. Then, the relevant matrices are written as

0 0 0 -
ety =0 0 o) sus= (0 5), (185)
0 —v 0 "
L 0 o0 0 4
C(K_)=(0 0 p)|, B(K.)= (_5 0) . (189)
0 -8 0
Since det B(K4) # 0, and since
det C(Ky) =372>0 for b>0, a+#—3, (190)
det C(K_)=—38%><0 for b<0, a# 3,

we find from (107) that

—1 for b>0, a# -3
+ _ ) 37
ATe(xo) { +1 for b<0, a# 3. (191)

It then follows from (118) and (120) with #O,, = 8 that the delta-Chern accompanying
the variation of the parameter ¢ from the ¢t < 0 side to the ¢ > 0 side is given by

(

(150) —8
#O4, A clxg) | = | 8 for b>0, a# —%,
0
RH(Os,) = Addeo) /A0 (192)
Ac(z) 0
#HOu | ATc(xo) | = | 8 for b<0, a# 3.
A~ C(Q’Jo) -8

\

We note here that for (a,b) = (—3,—1),(5,1) the formula (192) is valid in spite of
the earlier assumption in (181). However, we have to take into account the formula
(209) at the same time, since at the parameter values (a,b) = (—3, —1), (5, 1) there exist
simultaneously isolated degeneracy points on the C3 and Cy degeneracy curves. In contrast
with this, for (a,b) = (3, —1), we have rankC(K_) = 1 and rankC5(K_) = rankB(K_) =
0, and for (a,b) = (—3,1), we have rankC(K ) = 1 and rankC5(K ) = rank B(K ) = 0.

In these cases, the linearization method fails.
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10.5 Delta-Chern in crossing C; degeneracy curves

We discuss the delta-Chern accompanying the crossing of C; degeneracy curves given by
(133). We have here to exclude the triple intersection points (a,b) = (5, —1), (=3, 1) but

may include the intersection points (a,b) = (3, 1), (—3, —1), as in preceding subsections.

The curves have two components distinguishable by the sign of a.
We start with the Hamiltonian given by (130) together with (133). For a = 3, or-

thonormalized eigenvectors of H(x)|,— 1 are easily calculated, which are given by

1 ’ 1 —i
’61(w0)+>zﬁ (1) ) |€2(w0)+>:ﬁ (1) , les(®o)y) =

(193)

— o O

where the subscript + is attached in reference to a = § > 0. The eigenvector |e;(ag)) is
associated with the eigenvalue A; = 3, and the eigenvectors |ez(a)4) and |ez(2o)) span

the eigenspace associated with the doubly degenerate eigenvalue Ay = A3 = —%.
For a = —%, the eigenvectors are

1 ) 0 1 —1
e1(@og))=—7=11], leaxo)-)=10], Jes(xo))=—7411 |, 194
lex(20)-) 7 le2(20)-) les(2o)-) 7 (194)

0 1 0
where the subscript — is attached in reference to @ = —1 < 0. The eigenvectors |e (o))
and |es(xg)_) span the eigenspace associated with the doubly degenerate eigenvalue A\; =

A2 = 2, and the eigenvector |es(xo)-) is associated with A3 = —3.
We discuss the action of the isotropy subgroup Gy = Cj at @y given in (130). The
isotropy subgroup is generated by

h= |1 . (195)
1

The representation matrix of h with respect to the basis |ex(xo),) is found to be given
by

DPmy= —-i |. (196)

D¥m)y=| 1 . (197)

The isotropy subgroup Gy at @, acts also on the tangent plane Il to S? at x. The
I1j is spanned by the orthonormal basis

1
El = O ) £2 = ]- ) (198)
0
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and is endowed with the Cartesian coordinates (qi,¢q2) through ¢ = ¢1&; + ¢2&,. Since
&, x &, = xy, the tangent plane Il is positively oriented, where x; in the right-hand side
is viewed as a unit normal at xy. The h action on the tangent plan is expressed, with

respect to the basis &, &,, as
h? = (1 _1> . (199)

We proceed to discuss the local Hamiltonian on the tangent plane I, taking a curve
transverse to the degeneracy curve in the control parameter space by

_f G+tb)  for a>0,
ct) = { CIV0h for aco, DAELE (200)

where ¢ is restricted to a small interval |t| < € so that the curve ¢(t) may not cross
the other degeneracy curves. Following the definition of the local Hamiltonian (52), and
expressing the local Hamiltonian with respect to the basis |e;(xo)+) given by (193) for
a > 0, we obtain the local Hamiltonian in normal form,

§+t 0 b__gl(—ifh‘i‘%)
Kioe(t, ¢; o)1 = 0 —2 4t Yhligy +q2) | . (201)
%(ifh + g2) %(_iq1 + q2) —2 -2t

In a similar manner, with respect to the basis |ej(xy)_) given by (194) for a < 0, the local
Hamiltonian in normal form is found to be written as

2+t 25 (—igr + q2) 0
. N i N 2 _9¢ b+l
Kloc(ta q; 1130)7 - V2 (ZQI + QQ) 3 V2 ( q1 + Q2) . (202)
0 %(iQ1+Q2) —5+t

Retracting the local Hamiltonian to that on the eigenspace associated with the de-
generate eigenvalues, i.e., picking up the lower right 2 x 2 block matrix for a > 0 and
the upper left 2 x 2 block matrix for a < 0, and making respective block matrices into
traceless matrices, we obtain, in the cases of @ > 0 and a < 0,

- 5t 2 (iqy + ¢2)
K21, q;20), = 2 2 , 203
toc (5 € o) + b\—};(_uh + ) —3¢ (203)
3 b—1(_
- ot (—iq1 + az)
K2 qgao)- = | yy, .2 V2 , 204
IOC( K 0) (b\/il (qu + Q2) —%t ( )
respectively. Then, the relevant matrices are expressed as
3
2 0 b91 0 b+1
C(K+) =10 0 V2 ) B(K+) = b1 \6§ ) (205)
0 =1 V2
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% 0 b91 0 &1
=0 0 ) B - (_ g) (206)
0 =1 0 V2
Since det B(K4) # 0 and since
2
det O(K,)=32(") >0 for a>0, b#-1,
I=33) (207)
det C(K_) :—%<b_—21> <0 for a<0, b#1,
we find from (107) that
—1 for a>0, b# -1
+ o ) )
ATe(wo) = { 41 for a<0, b#1, (208)

It then follows from (118) and (120) with #0O,, = 6 that the delta-Chern accompanying
the variation of the parameter ¢ from the ¢ < 0 side to the ¢ > 0 side is given by

( AOC(ZB()) 0
#HOg | ATc(xg) | = -6 for a>0, b#-—1,
Ae(Ogy) = A o) ° (209)
Ate(x) 6
HOpo | A c(xg) | = | =6 for a<0, b#1.
AOC(ZL'()) 0

\

We need remarks similar to those made in the preceding two subsections. In spite
of our earlier assumption in (200), the formula (209) is valid for (a,b) = (3,2), (=3, —2)
and for (a,b) = (3,1), (-3, —1). However, for (a,b) = (3,2),(—3,—2), we have to take

into account the formula (167) at the same time, and for (a,b) = (3,1),(—3,—1), the

formula (192) at the same time. For the exclusive points (a,b) = (5, —1), (—3,1), we have

rankC(K,) = 1, rankCy(K ;) = rankB(K,;) = 0, and rankC(K_) = 1, rankCy(K_) =

rank B(K_) = 0, respectively. In these cases, the linearization method fails.

10.6 Delta-Chern and Chern diagrams

From (167), (192), (209), we have the delta-Chern diagram shown in Fig. 6. Blue vertical
lines represent C3 degeneracy curves (or lines). Green horizontal lines represent Cy degen-
eracy curves (or lines). Red curves represent Cy degeneracy curves. With each degeneracy
curve (the boundary of the iso-Chern domain) is associated a three-component column
giving delta-Cherns for respective eigen-line bundles with an arrow indicating the direc-
tion of the path in the control parameter space. Here, the relation Ac(Og,) = —Ac(Oy,)
has been used, depending on which direction the change is made in the parameter t. For
example, the upper right column attached to the C5 degeneracy curve with b > 0 is of
- +12 . ' .
the form Ac(Og,) = | =12 | = —Ac(Oy,), as is seen from (167) with b > 0.
0
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Figure 6: Delta-Chern diagram for the Hamiltonian (19).

Now that we have obtained the delta-Chern diagram, we can find out the iso-Chern
+2

diagram as follows: Starting with the column of Chern numbers | 0 | assigned to the iso-
—2

Chern domain {(a,b) : |a| < 3,[b| < 1}, which are obtained in Sec. 10.2, we consecutively

apply the delta-Chern diagram to determine the column of Chern numbers on respective

+2
iso-Chern domains. For example, starting with the seed column | 0 |, we obtain
-2
cy) =10 |+1-6]=|-6], {(ab):|b<1la> §,3ab—b2+2 > 0}, (210)
c(LY) -2 +6 +4
- 0
where Ac(Og,) = | +6 | given by the upper left column attached to a C, degeneracy
—6

_>
curve in Fig. 6 in used in the reverse form Ac(Q,,). Eventually, we obtain the following
proposition.

Proposition 10.1 The iso-Chern diagram for the Hamiltonian (19) is shown in Fig. 7.
A column of Chern numbers is assigned to each iso-Chern domain bounded by degeneracy
curves, where the Chern numbers of the eigen-line bundle associated with the highest,
middle, and lowest eigenvalues are placed at the top, middle, and bottom of the column,
respectively.

The construction of the whole iso-Chern diagram for our present model has a simple
transformation property. The Hamiltonian (19) is subject to the following transformation
with respect to the reversing the control parameters (a, b);

H(—a,—b,x) = —H(a,b,x), (211)
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Figure 7: Iso-Chern diagram for the Hamiltonian (19).

where the overline means the complex conjugation. This equation means that changing
pair of control parameters (a,b) into (—a, —b) leads first to the overflopping of the band
(energy level) order i.e., a band with highest energy becomes a band with lowest energy
and vice versa, whereas a band with middle energy remains a middle energy band, and
second, to the inversion of the Chern numbers for all bands caused by complex conjugation.

10.7 Adding higher order terms to the initial Hamiltonian

As we have already discussed, there are two special points (a,b) = (3,—1),(—3,1) in
Fig. 5, at which three degeneracy curves simultaneously cross. As was already observed,
for these points, respective local Hamiltonians f(l(oc) (t,q; ) have degeneracy points ev-
erywhere on the tangent plane Il for ¢ = 0. This conspicuous feature comes from a
similar feature of the degeneracy points for the full Hamiltonian. In fact, the set of cor-
responding degeneracy points is shown to be the whole sphere. As is easily seen, for
(a,b) = (%, —1), (—%, 1), the characteristic equations become independent of € 5% and

are given by

16 4 16
PR I Y L ) 212
3 27 ’ 3 27 7 (212)
respectively. Hence, the respective eigenvalues are {—3 3 3, 3} and {——, —3, 3} indepen-

dently of & € S?. This means that the corresponding degeneracy points are all the points
of the sphere. In this sense, the model Hamiltonian (19) is not generic one.
We can dissolve the triple crossing by adding basis polynomials of degree three to the
Hamiltonian (19) in the manner that
0 iz(22 = 2r%)  —iy(y? — 2r?)
H(x)+c | —iz(z* — 2r?) 0 iz(z? —2r?) |, (213)
2

5
iy(y* — %7’ ) —ix(z? — %7“2) 0

where 72 = 22+1y?+2% = 1, and where c is another control parameter. For the Hamiltonian

(213), the control parameter space becomes R?* = {(a,b,c)}, and then the degeneracy
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points form two-dimensional surfaces which are the boundary of iso-Chern domains. By
setting ¢ = const, for example ¢ = %, we restrict the control parameter space to a two-
dimensional control parameter space, in which we obtain degeneracy curves forming the
boundaries of iso-Chern domains. From the distant point of view, the new degeneracy
curves look similar to those given in Fig. 5, but are different from the initial ones in the
vicinities of (a,b) = (—3,1), (5, —1). In fact, the triple intersections of degeneracy curves
disappear and regular intersections of two degeneracy curves come out.

The delta-Chern formula can be applied for the Hamiltonian (213) with ¢ = 1 to yield

Fig. 8, in which the vicinity of the point (a,b) = (—3, 1) is zoomed in.

. ) 6
() &

€ (+:8§ C3

Figure 8: A part of the Chern diagram for the Hamiltonian (213) with ¢ = 5 is zoomed
n.

11 The two-level model revisited

The delta-Chern formula (107) may be applied to the two-level system treated in Sec. 5.
For this system, we have two types of degeneracy points, (a,b) = (£1,0),(0,£1), on
the reduced control parameter space, the unit circle a® + 0> = 1. The former points
(£1,0) are called C5 degeneracy points and the latter C degeneracy points, since the
former have the corresponding degeneracy points at each of which the isotropy subgroup
is isomorphic to C3 and the latter have the corresponding degeneracy points at each of
which the isotropy subgroup is C; in general. We will encounter the case where we have
to use the extended local-Chern formula discussed in Sec. 8.3. Using this model as an
example, we also show that the appearance of exceptional points depends on the choice
of a basis with respect to which the Hamiltonian is expressed but the Chern number is
independent of the appearance of exceptional points.
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11.1 Delta-Chern in crossing ('3 degeneracy points

At a C5 degeneracy point x,, the Hamiltonian (28) is evaluated as

0 —-ib V3
H(zo) = ( ib %ﬁ> o= (214)
3V3 \%

The eigenvalues of H(xg) are y = iﬁg. When b = 0, these eigenvalues are degenerate,
and H(xp) becomes a zero matrix, so that any linearly independent vectors serve as
associated eigenvectors. In order to find a suitable choice of eigenvectors, we try to take
normalized eigenvectors associated with

(215)

which are found to be given by

eatao)) = 5 (71) - leao) = 5 (). (216)

respectively. Since these eigenvectors are independent of b, we are allowed to take them
as basis vectors of the eigenspace associated with the degenerate eigenvalue for b = 0.
We now treat the action of the isotropy subgroup at the degeneracy point . The
isotropy subgroup at @, is isomorphic with Cj, and generated by h given in (173). In
the two-dimensional irreducible representation of the total group O, the h is known to be

represented as
_1 V3
D(h) = \}g 2 (217)

2 2
As is easily verified, the representation matrix of i is put with respect to the basis |e; (o))
and |es(@p)) in the form

D(h) = (em/?’ e /3) . (218)

We now consider the action of the h € C3 on the tangent plane II; to S? at xy. The
frame &, is the same as given in (179), and the representation matrix of h with respect
to the basis &, is given by (180).

We proceed to the local Hamiltonian on the tangent plane I, taking the curve in the

control parameter space,
c(t) = (1,1), (219)

which is viewed as a tangent line to the unit circle a? +b* = 1 at (a,b) = (1,0). The local
Hamiltonian expressed with respect to the basis |ex(xg)) given in (216) is written out as

ﬁg —2v/2i(q1 — i%))

Koc t,q; - . . 22
ol 0:20) (zﬂz<ql+zqz> -5 0
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which is in normal form. The relevant matrices are

4 0 0
C(K) = 3\o/g 0 —-2v2|, B(K)= (2\0/5 _20\/5> : (221)
0 2v2 0
Since det B(K) # 0, and since det C'(K) = %g > 0, one has, from (107),
Ate(xg) = —1. (222)
Since #0,, = 8, we obtain, from (110),
AT c(Og,) = =8. (223)

As is seen in Fig. 1, this explains the delta-Chern observed when passing the degeneracy
point (a,b) = (1,0) from the ¢ < 0 side to the t > 0 side; ¢(L}) — ¢(L1) = AT¢(Oy,) with
c(L)) = —4 and ¢(Ly) = 4.

11.2 Delta-Chern in crossing (| degeneracy points
We take the degeneracy point (a,b) = (0,1) and the tangent line
c(t) = (t,1) (224)

to the unit circle a® + > = 1 at (a,b) = (0,1). The corresponding degeneracy points on
the sphere 5% have been given in (32). We take a degeneracy point x, sitting on the circle
2% +y? = 1 but away from the orbits of type C,,r = 4,2,

Cos ¢ -
xy= | sinep |, go;ékz, k=0,1,2,...,7. (225)
0

The isotropy subgroup at mx( is trivial, that is, isomorphic to C;. The Hamiltonian
evaluated at xq is then written as

B —1 V/3t cos 2¢
H(xo) = (\/gt cos 20 ; ) : (226)
We choose the frame &, at x, as follows:
—singp 0
§ =\ cosp [, &=10 (227)
0 1

This frame is positively oriented, since &; X £, = o, where the x in the right-hand side
is viewed as the outgoing unit normal at x, € S?.
The local Hamiltonian is now given by

(228)

—t \/§t cos2p — 1isin2
Hloc(t7Q; ZB()) = ( 4 2 SOCD) .

V3t cos 2p + %z sin 2¢ g t
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Since the isotropy subgroup is trivial, this local Hamiltonian is already in normal form,
so that Hy,. = Kjoe. The relevant matrices are expressed as

-1 0 0
C(K)=[v3cos20 0 0 |, B(K):(O 0 ) oAk, (229)
1. 0 5sin2p 4
0 0 5sin2p 2

where rankC'(K) = 2 and rankB(K') = 1. Further, since
rank <\/§COS 2¢ 0 0 ) > rank (8 U ) ) (230)

. 1 .-
0 0 %sm 2¢ 5 sin 2¢

the inequality (108) is satisfied, so that no exceptional point appears for ¢ # 0. Hence,
we conclude that
ATe(xy) = —det C(K) =0, (231)

which explains the delta-Chern observed when passing the degeneracy point (a,b) = (0, 1)
from the ¢ < 0 side to the t > 0 side; ¢(L]) — ¢(L1) = ATe(Og,) with ¢(L}) = —4 and
C(L1> = —4.

We here make a comment on the fact that the degeneracy point is not isolated. Al-
though the set of degeneracy points is not a finite set but a continuum, it is a disjoint
union of finite sets from a viewpoint of orbits,

cos ¢
|_| U{g sin ¢ } (232)
0<p<% g€O 0

For this reason, we are allowed to consider a degeneracy point x irrespective of the other
degeneracy points in order to discuss the delta-Chern.

To make the present discussion on the delta-Chern complete, we have to treat the
embedded degeneracy points, which correspond to ¢ = k7. We take a degeneracy point

1
o= 0], (233)
0

which corresponds to ¢ = 0. The isotropy subgroup at the present x, is generated by

1
1

and its representation matrix with respect to the E representation takes the from
1 V3
D(h) = _23 12 . (235)
2 2
From (228) with ¢ = 0, the local Hamiltonian is given by

Hoe(t, q; o) = <\;§tt §t> '
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To put this local Hamiltonian in normal form, we take a new basis forming the unitary

matrix
VE]
Uy = ( % ) . (237)
- 2

Then, we obtain the local Hamiltonian in normal form

[
ok
w

—t  —/3t
Kioc(t,q : xo) = (—\/gt 1 ) (238)
The relevant matrices are then expressed as
-1 00 00
CK)=|-v3 0 0], B(K):(O 0). (239)
0 00

Since the inequality (108) is satisfied, there is no exceptional point for ¢ # 0. Hence, the
delta-Chern vanishes, as is expected.

We turn to anther degeneracy point xy = (\%, \%, 0), which was treated in Sec. 10.3.
A generator of the isotropy subgroup at @, and its representation matrix are given by

i (1 , D(h):(l _1), (240)
1

respectively. Since D(h) is already of diagonal form, the local Hamiltonian given in (228)
with ¢ = 7 provides the local Hamiltonian in normal form,

¢+
Kloc(tv q; .’Bo> = <1q2 %q2> : (241>
2
The relevant matrices are then expressed as

1 (8 (—5)) . (242)

Because of the existence of a continuum of exceptional points ¢o = 0, the linearization
method says nothing about the delta-Chern, where rankCy(K') = rankB(K) = 1 and then
the inequality (108) is not satisfied.

o) = [ o
0

o O O
= O O
o)

—
=
I

11.3 Basis dependence of the appearance of exceptional points

In Sec. 11.1, we have taken the basis (216) in putting the local Hamiltonian in normal
form. We are now interested in treating the full Hamiltonian expressed with respect to
this basis, which is written as

_ b3 —a(p1 — i)
Kla) = <—a(¢1 + i) —bos ) ’ (243)
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where we have used the symbol K in order to indicate that the basis (216) has been
adopted. The degeneracy points in the control parameter space and those on the sphere
S?% are, of course, the same as those for the initial Hamiltonian H(x) (see Prop. 5.1 and
(31)). As for exceptional points, if a # 0, they are determined by and assigned to the
“up” and “down” eigenvectors according to

o1 =02=0, bos>0, (244a)
o1 =02=0, b3 <O, (244b)

respectively. It then turns out that if b > 0 the exceptional points assigned to the “up”
eigenvector associated with the positive eigenvalue At are only

1 1 1 1
+ ?5 + _?5 + _175 + T?i
€ = ?3; ) €9 = _17§ y €3 = 731 » €4 = _?3 ’ (245)
V3 V3 V3 V3

and the exceptional points assigned to the “down” eigenvector associated with the A*.
are only

1 1
V3 Ve V3 V3
er=->=|,e=]| = es=|-—"F|.es=| = (246)
1 \{g » =2 \{3 » ©3 \{g » T4 \/31 :
V3 V3 e V3

If b < 0, the {e] }]_, are assigned to the “up” eigenvector and the {e] }_; to the “down”
eigenvector. The manifestation of the exceptional points {e] }j_, or {ej }j_; for K(x)
is in marked contrast with that of {ni} or {as,b.} for H(x) (see (35)). Thus, the
appearance of exceptional points depends on the choice of the bases with respect to
which the Hamiltonian is expressed. We note in addition that each of {e;r ;*:1 and
{e; }i_, is the orbit of the tetrahedral group (the group of rotational symmetries of a
regular tetrahedron), a subgroup of the octahedral group.

The Chern number can be found by evaluating the winding number assigned to each
of the exceptional points {e] };_, or to each of {e; }]_,, like (47). Among the exceptional
points {e] }j_; to be assigned to the “up” eigenvector for b > 0, we pick up e}, which is
the same as xy given in (214). We adopt the linearization method explained in Sec. 5.2.
We then look at the local Hamiltonian (220) with ¢ replaced by b. From this Hamiltonian,
we can obtain the winding number assigned to e]". Since the constant factor is irrelevant
to the winding number, we see from the (1, 2) component of (220) that the quantity ¢; —ige
determines the winding number together with the orientation convention of a small circle
centered at e]". Since the orientation of the circle is clockwise for the exceptional point of
the “up” eigenvector, the winding number in question is +1, and hence the Chern number
contribution from e} is —1. The same calculation can apply to all of {e;r ?:1, and hence
we find that the Chern number for b > 0 and a # 0 is —4.

We now pick up the point e, , which we denote by (. The x( and x| are related by

~1
x) =gxo, g= |1 : (247)
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In the F representation of the O group, the representation matrix of g is written as

1
D(g) = ( _1> . (248)
We take the basis |ex(xf)) and the frame &) on the tangent plane Il as

len()) = D(g)lex(xo)), & = g€ (249)

respectively. Then, the local Hamiltonian in normal from at x{ is the same as (220);
Kioc(t, q; ) = Kioclt, q;x9) with t replaced by b. For b < 0, the exceptional point x|
is assigned to the “down” eigenvector. Hence, the small circle centered at { is oriented
anticlockwise. With this orientation taken into account, the winding number assigned
to x; is determined by ¢ — ige from the (1,2)-component of Ki..(t,q; @), which is —1.
Hence, the Chern number contribution from e; is +1. The same calculation can apply
to all of {e; }j_;, and thereby the Chern number for b < 0 and a # 0 is +4. Thus we
have obtained again Fig. 1 by following the same method as in Sec. 5.2 with exceptional
points other than those adopted in Sec. 5.2.

Summing up the above discussion, we obtain the following tables on calculation of the

Chern number for the eigen-line bundle associate with the positive eigenvalue \*;

“up” b<0 b>0 “down” b<0 b>0
{el}4_, o—— {fef}t., |—™©°
R N R o (250)
{e; tim {ej }im
Chern no. +4 —4 Chern no. +4 —4
Here, for example, the symbol = O—— means that for b < 0 the points in the

leftmost column are not assigned as exceptional points but assigned for b > 0. Thus, the
availability of the linearization at an exceptional point depends on the choice of the basis
with respect to which the Hamiltonian is expressed.

11.4 Basis dependence of the local Hamiltonian

We here recall that det C(K) is an invariant, but not so is det B(K). Though the delta-
Chern formula is independent of det B(K), we are interested in basis dependence of
det B(K), which leads to a better understanding of the (¢, ¢1, ¢2) space.

We now return to the local Hamiltonian (220), which is in normal form. In contrast
with this, the local Hamiltonian

(251)

22 —2V2q; —i—=
Hloc(t7Q;m0) - ( \/_qz \/_ql 3\/§> )

—2\/§q1 + Zﬁg —2\/§QQ

which is expressed with respect to the standard basis, is not in normal form. The relevant
matrices to this local Hamiltonian are written as

0 0 2v2

22 0 |, 1%(15():(_2\/§ O). (252)

C(H) = A ’ 0 0

0
1
3v3
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For B(H), we have det B(H) = 0, and thereby the quantity corresponding to (98) makes
no sense. A question now arises as to whether the local delta-Chern formula (107), which
has been obtained on the assumption that det B(K) # 0, is available even if det B(H) = 0
or not. We infer that the delta-Chern formula should hold, since det C(H) = det C(K)
and since the formula is independent of det B(K).

For the local Hamiltonian (251), the degeneracy point is given by ¢; = ¢o =t = 0. If we
formally apply the procedure (25), we conclude that the exceptional points determined
by t = 0,q1 = 0 for the positive eigenvalue of (251) are assigned to “up” or “down”
eigenvectors according as g2 > 0 or g2 < 0. However, this conclusion sounds strange.
In fact, although the exceptional points of the eigenvector for the full Hamiltonian are
isolated points, which are given by (35), the exceptional points in question form a half
line on the (¢, ¢2) plane. It then seems that the local Hamiltonian (251) fails to work for
the delta-Chern formula.

We now show that this discrepancy comes from our interpretation of the coordinates
(t,q1,q2). We think of ¢ as a control parameter and of (q;, g2) as locally-defined dynamical
variables. This interpretation is reasonable from the physical point of view. However,
we have to be reminded of the fact that a change of basis with respect to which the
Hamiltonian is expressed gives rise to a rotation on the (¢, ¢, g2) space, which is shown
in (81). This implies that the distinguishing of (g1, ¢2) from ¢ is a concept depending on
the choice of bases. With the basis (216), we associated the unitary matrix

U, = % (_f i) . (253)

Then, two expressions of the local Hamiltonian are related by
Uy ' Hyoe(t, q; 0)Us = Kioc(t, ¢; o). (254)

The induced rotation h = (ki) defined through Uy 'o’U; = Y, hyjo}, has the represen-

tation matrix
1

h=[-1 , (255)
~1

which transforms the set of seemingly strange exceptional points {(0,0,7); 7 > 0} for the
“up” eigenvector of H..(t, q; o) into the set of reasonable exceptional points {(7,0,0); 7 >
0} for the “up” eigenvector of Ki..(t, ¢; o). Hence, we are allowed to say that we choose
to use the local Hamiltonian in normal form in search for the delta-Chern in order to
make distinct the difference between the physical variables and the control parameter.

12 A case study for triply degenerate eigenvalues

So far we have treated doubly degenerate eigenvalues and obtained the delta-Chern for-
mula accompanying the crossing of a degeneracy curve corresponding to doubly degenerate
eigenvalues.
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We now wish to observe what happens in the delta-Chern formula if triple degeneracy
occurs in eigenvalues, by using a model Hamiltonian. The model Hamiltonian we take up
here is given by

0 —iZ iy
Hxz)=|iZ 0 —iX|, zzecS*CR’ (256)
—iY X 0

where X, Y, Z are functions defined to be

X =az + br(2? — 27*2), (257a)
Y =ay + by(y* — §r2), (257b)
Z =az + bz(z* — 27"2), (257c)

respectively, where r? = 22+y?+22, and where a, b are real parameters with (a, b) # (0, 0).
The constraint » = 1 is imposed, of course. This Hamiltonian is a special one from (213).

As is easily verified, the eigenvalues of H(x) are A = 0, =R with R? = X2 +Y? + 72,
so that degeneracy occurs if and only if R = 0, which provides degeneracy points,

0 0 +1 a b
01, +1], 0 |, if and only if 3="% (258)
+1 0 0
1 1
AR 0o 1, +5 |, ifandonlyif —=_. (259)
L i 110
Vi Vi 0
1
i?g a b
i?g , if and only if 1= (260)
X

Though this Hamiltonian is a three-level model, the eigenvalue problem is easy to solve
because of the existence of zero eigenvalue. The Chern numbers of respective eigen-line
bundles can be calculated in a manner similar to that used in Sec. 5. Without detail
calculation for Chern numbers, we here give a result on Chern numbers.

Proposition 12.1 The parameter space R? — {0} for the O-invariant Hamiltonian (256)
reduces to the unit circle. In association with the positive eigenvalue AT = R, an eigen-
line bundle is determined on each arc between consecutive degeneracy points on the unit
circle. The Chern numbers ¢t assigned to respective iso-Chern domains (or arcs) are
shown in Fig. 9.

In what follows, we give a sketch of calculation for Chern numbers of the eigen-line
bundle associated with the positive eigenvalue A*, along the tangent line (a,b) = (1,¢) to
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C+:—14 C+:10

Figure 9: Chern numbers ¢t of the eigen-line bundle associated with the positive eigen-
value are assigned to arcs separated by degeneracy points.

the unit circle at (a,b) = (1,0). The Chern number contribution from exceptional points
for the “up” eigenvector is given in the following table;

s = 1 10

n |+ [deg(Cy)| - SR I B .
aﬁﬁ}) + deg(04) (empty) | (empty) | + + |+ deg(C’g) —
b." + | deg(Cy) | (empty) | (empty) | + + | 4 deg(Cy) | —
Cﬁfk) (empty) | (empty) | (empty) | (empty) | — | deg(Cs) | + | deg(Cs) | (empty)
Ch.no 10 non-def —2 —2 —2 | non-def | 14 | non-def —10

Here, the symbols ni ™) ete. in the leftmost column stand for exceptional points, which
we do not describe explicitly. The superscript (4) indicates that those excepuonal points

are assigned to the “up” eigenvector. The subscripts 7 and k of a(;;), bij , C ik) range from

1 to 2 and from 1 to 4, respectively. The signs + in the subscript of a' ij , etc, indicate the

sign of the z-component of each exceptional point, and hence ag) denote four points, etc.
The signs + in the table stand for the Chern number contribution from the exceptional
points listed in the leftmost column of the table, where + (resp. —) means that +1
(resp. —1) is assigned to each exceptional point. Although the signs + are alloted in the
columns below ¢ = % and ¢ = 10, which seems to assign a Chern number contribution
from exceptional points, no Chern number is defined at € = }1 and ¢ = 10 because of the
existence of degeneracy points.

We observe from this table that there are special values of the parameter € at which
exceptional points changes their character
(i) At € = —5, the exceptional points ni ) become degeneraey points and then return to
exceptlonal pomts of different character for ¢ > —2, and further the exceptional points

2 ;
a,g[ ; and b(+) change into degeneracy points, forming an O-orbit of type C; together with

ng), and then vanish for € > —% (see Fig. 10);
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0 0 +1
nP=(o0], af = [£1], b 0l,j=1,2 (261)
+1 0 0
b,
kb(+
the equdtor +2
aGé a+2 Y

—2, the exceptional points ag)

Figure 10: As ¢ —
degeneracy points and then to vanish pairwise for ¢ > —g.

and bij;-) are getting together to be

ii) When the parameter € passes the value € = 2, the exceptional points a' , b , and
3 ij iJ

cs_f;) branch off from the north and south poles (see Fig. 11).

- + +
S
- +
aS-Q) ag-l) .

Y
(+)
R
v

(+)

Figure 11: When the parameter value passes ¢ = g upward, new exceptional points a.;’,

b , and c") branch off from the north pole n}"’.
+Jj +k +
(iii) The exceptional pomts n(+) a(;;-),

the exceptional points c' ik become degeneracy points at € =

type Cs;

0 +-1

1
(+) _ j:T 7
2
+4/3

al) = b(+)

+j

0

V3

2
+4/3

(+)

and b(g;-) remains to be exceptional at ¢ = %, but

%, forming an O-orbit of

4+ 1
V3 15

) = iég for e=—". (262)
+7
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(iv) The exceptional points a(;;-), bg-) , and cﬂ) become degeneracy points at ¢ = 10,

forming an O-orbit of type C5, but the cg:;) vanish for € > 10 (see Fig. 12);

L 1
) iOL o [T N
+5 + L 0
2 V2
(+)
C(—Jg) ng?)) cgjé) €2
y
+ +
c(_Z) C(+4) C(f) 0(71)
Yy U

Figure 12: As ¢ — 10, the exceptional points cgjk) are getting together pairwise, and

vanish for € > 10.

Since the Chern number of the eigen-line bundle associated with the negative eigen-
value A\~ is minus that of the eigen-line bundle associated with the positive eigenvalue
A1, and the Chern number of the eigen-line bundle associated with the zero eigenvalue
is always zero, the Chern number variation along the circle (a,b) = (cosf,sinf) is now
summarized in Fig. 13.

—2 —1 2 —14 1 —2
M= R 14 0 0
Ay =0 0 10 0 0 0 0 0
\ _n 2 | —14 10 —2 14 —10 2
5 03 Cg 04 03 C12 C’4
=0 0 =27

Figure 13: Chern number variation for the Hamiltonian (256)

Fig. 13 shows that the amount of the change in Chern numbers which is observed
when the control parameter passes each degeneracy point is twice the order of the orbit,
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2#(0/Cy), k = 2,3,4, or twice the number of degeneracy points, up to the sign. If the
number #(0/CY) is assigned to a degeneracy point of multiplicity two, twice the number
#(0O/Cy) is assigned to the triple degeneracy point up to sign. A possible explanation
of this fact is that since the triple crossing of the energy levels is considered as the
simultaneous occurrence of three double crossings of the levels, the total delta-Chern is
evaluated as the sum of contributions from all crossings:

+Ac +Ac 0 +2Ac
—Ac|+| 0 |+ |+Ac| = 0 : (264)
0 —Ac —Ac —2Ac

where |Ac| = #(0/Ch).

13 A relation to the Berry phase

So far we have mainly treated 3 x 3 Hermitian matrices depending on the control pa-
rameters (a,b) and on the variable € S?. The dimension of the total parameter space
R? x S? is four. We note here that the distinction between the dynamical variables and
the control parameters is made by the symmetry group action; the symmetry group acts
on the dynamical variables but not on the control parameters.

If we don’t care about the distinction between the control parameters and the physical
variables, nor about the topology of the set of physical variables, we are allowed to think
of the Hamiltonian as depending on parameters in R*. We now suppose that the Hamil-
tonian is not restricted to two- or three-level model ones but it has doubly degenerate
eigenvalues which are so far from the other eigenvalues that the eigenspace associated with
degenerate eigenvalues can be treated separately. Since the codimension for the doubly
degenerate eigenvalues is three for Hermitian matrices, there is a degeneracy curve in the
parameter space R?, which we denote by ¢(s) € R*. Further, we denote by |ex(c(s))) the
orthonormalized eigenvectors associated with degenerate eigenvalues Ai(c(s)), k = 1,2.
Then, we have

Ai(e(s)) = Aa(e(s)). (265)
and

H(c(s))ler(c(s))) = Ar(cls))lex(e(s))),  (ex(e(s))le;(e(s))) = Ok, (266)

where the symbol (:|-) stands for the inner product on the Hilbert space concerned.
We assume that |ex(e(s))) and A\g(c(s)) are smooth in s. Differentiating the eigenvalue
equation with respect to the parameter s, we obtain

dlex(c(s))) _ dAe(e(s))

B e sy + A a5 A4 do HEAD) (el

ds

dlex(c(s)))

ds '

(267)
Taking the inner product of the above equation and the eigenvector |e;(c(s)), and using
the fact that Ay = Ay, we obtain

dH(c(s))

<€j(0(s)) ‘ 7 _ dh(c(s))

ds

ek((s))> 5. (268)
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Let us denote by V H the matrix each of whose entries is the gradient of the entry of H
concerned; VH = (V Hy,,) with H = (Hyy,). Then, one has

dH(c(s))

(ssteton |15 et

6k(0(8))>=<6j(6(8))|VH(C(8))\6k(C(S))>- 75 (269)

where the center dot stands for the inner product on C*, which is formally extended from
that on R*. In particular, for (j, k) with j # k, we have, from the above equations,

fes(es) IV H(es)) ex(e(s))) - 22 =, (270)

and for (j, k) with j = k,

(er(e(NIV H(e(s))ler(e(s))) - 2 — ea(els) [V H{e(s) eafels))) - 2

dAi(c(s))  dAa(c(s))

= 7 7 = 0. (271)
This implies that the vectors
R(e;(c(s)) |V H(c(s))lex(e(s))),  I{e;(e(s))|V H(c(s))lex(c(s))), (272a)
5 ((er(eloNIVH(els))er (e(s))) — {eale(s)VH(e(s))lea(e(s)))) (272b)
de(s)

to the curve ¢(s), where (j, k) = (1,2), (2,1).
5
In order to consider the Hamiltonian evaluated at points different from the degeneracy

curve c(s), we fix the parameter s at sy for the time being and set ¢(sg) = ¢g. We further
set

are orthogonal to the tangent vector

af = %(<el<co)IVH(cO)lel(cO)> - <62(cO)|VH(c0)|eQ(c0)>), (273a)
bm = (ei(co)|VH(co)lez(eo)), (273b)

where a and b are introduced so as to make & and i have the unit length. We here suppose
that the &, m, and 7% span the plane I, orthogonal to the curve ¢(s) at e(sg) = ¢y on the
identification II, & R3 = R x C. Let ¢ be a vector sitting in the plane II; and € denote
an infinitesimal parameter. Then, on setting r» = ¢y + €, we obtain, by differentiation
and arrangement,

(e H)ler(eo)) — (el Hrles(er))) = cat-¢,  (274a)
(e1(co)|H(r)|ea(cop)) = ebm-C. (274b)

Further, setting
(r) = 5 ({ex (o)l H(r)ex (€0) + (ealen) () les(en))). (275)
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we have

pu(r) = plco) +eVp(zo) - €. (276)
We are now in a position to express the Hamiltonian H(r) evaluated approximately on
the plane Ily. From (274) and (276), it follows that

(e1(co)|H(r)lei(eo)) = nleo) +eViuley) - € +eak -, (277a)
(ea(eo)|H(r)|ea(eo)) = pleo) +eVu(ey) - ¢ —eak - ¢, (277b)
(e1(co)|H(r)lea(co)) = ebm-(¢. (277¢)

Then the Hamiltonian evaluated at r = ¢y + ¢ € 1l and restricted to the eigenspace
spanned by the eigenvectors |e(co)), k = 1,2, is expressed as

_ 10, (a€-¢ bm-¢
Hr) = (e +<Vaten <€) (3 1) +< (o8 "6 em
If we consider that the plane Il carries the dynamical variables only, we may introduce
the coordinates (qo, ¢1,¢2) on the plane IIy by setting

do = CLé : CJ q1 — 2(12 = b"? ' CJ (279)

where we have paid little attention to the orientation of the coordinate system. Then,
from the second term of the right-hand side of (278), we obtain a local Hamiltonian with

vanishing trace in the form
P Qi
‘ ) 280
(fh +i12 —qo ) (280)

The eigenvectors of this Hamiltonian are defined only locally on the tangent plane I1y, and
the locally defined eigenvectors, which we have called “up” and “down” eigenvectors so
far, are put together to form an eigen-line bundle. This Hamiltonian has been extensively
discussed since Berry [21, 22].

If we consider that the plane Il carries one control parameter and two dynamical
variables, we may denote them by (¢,q1,¢2) in place of (qo,q1,q2), where we suppose
that an isotropy subgroup of the symmetry group acts on (q;,¢2). However, as the two-
dimensional subspace for the dynamical variables (¢, ¢2) don’t need to be the same as
those given in (280), the local Hamiltonian with vanishing trace may take the form of
(83), after a linear transformation of (¢, ¢, q2).

In a typical case, we have the local Hamiltonian, in place of (280),

H(t,q) = ( Lo _i%) : (281)

q1 +1q2 —t

for which the evolution of eigenvalues against t is depicted in Fig. 4. We now discuss this
Hamiltonian from the view point of Berry phase. The eigenvalues are given by

A=V + g2 g =¢ + @, (282)

The “up” eigenvector associated with At is expressed as

1 ¢ —iq
it ) = 5 () M= VR0l - ). (2s3)
up
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The exceptional point is the origin ¢ = 0, which is assigned to |u,(t,q)) for £ > 0 only.
We now consider the parallel translation of the vector

[o(r)) = e Tlu, (¢ a(r)) (284)

along a circle ¢; + igy = pe’™ with p > 0, where ¢ is fixed. Let

P = Jugy (£, @) (i (£ @) = [thdoen (@) (o (D] g 70, (285)

be the projection operator. Then, the vector |v(7)) parallel translates along the curve
¢ +iga = pe’™, if and only if

Palv() = it a(rhie (5 = ) =0. o=l (256)

Hence, after completing the parallel translation along the closed curve ¢, +igy = pe’™ with
0 < 7 < 27, the phase of the section |v(7)) of the eigen-line bundle associated with A™
has increased by the angle ,
o ll=p>0, (287)
up
which is viewed as a Berry phase.

If the parameter space is R™ with m > 4, the curve ¢(s) is viewed as a curve sitting
in the degeneracy surface (or submanifold) determined by the degeneracy condition. The
variation vector r = ¢p+¢( sitting in the plane I orthogonal to the degeneracy curve ¢(s)
at ¢y has components some of which are tangent to the degeneracy surface and the others
normal to the degeneracy surface. In order to observe transition states accompanying
the crossing of the boundary (or degeneracy surface), we choose to use the coordinates
associated with the normal components, in forming a linearized Hamiltonian from (278).
Then, like (280), we obtain a linear Hamiltonian described in terms of the local coordinates
q; associated with transverse directions.

14 Possible extensions of delta-Chern analysis

So far we have encountered some cases where the linearization method fails (see Sec. 8.3).
If a linearization method fails at a degeneracy point of S?, we have to reform the lineariza-
tion method, for example, by taking quadratic terms in the expansion the Hamiltonian
at a degeneracy point in terms of local coordinates. Another way of extension is to find a
way to the delta-Chern formula assigned to a degeneracy point at which eigenvalues are
triply degenerate. This section is devoted to the discussion of these extensions.

14.1 Hessian of the Hamiltonian and symmetry

We now assume that the first derivative of the Hamiltonian vanishes at a point x,. Put in
detail, for a positively oriented frame &€, on the tangent plane to S? at xy, the derivatives
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&, - VH(xg) vanish. In order to take into account the second derivatives of the Hamilto-
nian, we need to calculate the Hessian of the Hamiltonian with respect to the frame §&,.
To this end, one needs covariant derivatives of functions on the sphere.

We now start with a geodesic x(s) passing xy at s = 0, where s is the arc length
parameter. The second derivative of a function f(x) with respect to s along x(s) is
evaluated at s = 0 to provide the definition of the Hessian of f at xy in the form

d> dx
pf(m(s)) = ¢ (Hessf(zo))¢, ¢ =—-(0), (288)
s <0 ds
where Hessf(xg) is viewed as a linear transformation of the tangent space Ty, (S?). The
second derivative of the function f(x) with respect to s is written out as
d? d*x dx dx
— -V AV 289
S H() = 55 Vi) + v f() o, (259)

where V2 denotes the operator matrix given by

fod 9% fo
6_122 Bx(gy 896(292
20 __ 0 Roall 0
V& = dydr  0y2  Oyoz | - (290)
9? 9% 02
820z  0z0y 022

Taking into account the geodesic equation on S?

d*x
we find from (288) and (289) that the Hessian of f(x) at @ is determined through
¢ - (Hessf(x0))¢ = =0 - Vf(x0) + ¢ - V¥ f(0)C, (292)

where ¢ is a tangent vector in T, (S?). The Hessian in generic form is defined through

n - Hessf(20)(¢)
:% ((n +¢) - Hessf(xo)(n + ¢) — 1 - Hessf(x0)(n) — ¢ - Hessf(wo)(c)>, (293)

The Hessian of the Hamiltonian, Hess H (x), at @ is now defined in a similar manner
by applying the above procedure to each components of the Hamiltonian and takes values
in End (7T, (5?)) @ C™", where End (T}, (5?)) indicates that each component Hess hy, (o)
of HessH (zg) is viewed as a linear map of the tangent space Tp,(S?). The second-order
approximation of the full Hamiltonian at xg is given by

2(¢; o) Z%%f (Hess H ())&, = (Z q;qx€; - (Hess hm(%))ﬁk) - (294)

Like (8), for ¢ € G C SO(3), the Hamiltonian Hs(q; xg) is shown to be subject to the
transformation
Hy(q; 920) = Adpg)Ha(q; 20), g € G, (295)
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if the frame g&, is adopted at gxy. The proof is easy to perform. Since g € G is an
isometry of the sphere, if &(s) is a geodesic, so is gx(s). Then, the symmetry condition
H(gx(s)) = Adpg)H (x(s)) is twice differentiated with respect to s at s = 0 to yield the
above equation. For h € Gy, Eq. (295) becomes

AdpnyHs(q; o) = Hz(h(2)q; xo), h e Gy, (296)
where h€, = 3 V¢ .

J ik
As in Sec. 6.1, we here consider a one-parameter Hamiltonian H(c(t),x), but we
assume that the linear approximation fails because of §; - VH(c(0), xo) = 0. However, if
Hess H(c(0), xo) does not vanish, we can define the local Hamiltonian, in place of (52),

to be

Huoo(t, q; o) = H(c(0), o) + tH (c( Zq]qu (Hess H(c(0), x0))€,.  (297)

Further, we can put the Hamiltonian Hy,.(t, ¢; o) in normal form by taking a basis with
respect to which the isotropy subgroup at x, is represented in a diagonal matrix form.
We denote the representation matrix by D(g) and the local Hamiltonian in normal form
by the same symbol K),.(t,q; xo) as that in the case of linear approximation. Like (296),
the local Hamiltonian Kj..(t, q; o) transforms according to

Ad Kloc(t q; wO) Kloc(ta h(Q)C_Ia m0)7 h € GO- (298>

If we adopt the basis |ej(a:6)) = D(g)le; (o)) and the frame &}, = g€, at =), = gz, the
local Hamiltonian at xj, takes the same form as that at x, like (92),

Klloc(tﬂ q; w6) = Kloc(ta q; wﬂ)' (299)

This is a core equation in the delta-Chern analysis. Starting with this equation, we
can modify the reasoning which leads to the global delta-Chern formula in the case of
linear local Hamiltonians, except for AW = sgn(det C'(K)), in order to make it applicable
in the case of, say, quadratic local Hamiltonians. This is because the winding number is
independent of the choice of the frame at a degeneracy point and of the basis with respect
to which the local Hamiltonian is expressed, because the homotopic deformation of the
transition function is valid as well, and because A%c(gxg) is constant on the orbit O, .
It then turns out that if we can evaluate AW directly, we can obtain the delta-Chern
formula, like Theorem 9.1.

14.2 Delta-Chern arising from second-order terms

We here give a simple but expressive example for a case study, in which the linear approx-
imation of the Hamiltonian fails but the second-order approximation works. We consider
the Hamiltonian

Ho(e) =(1 o) (1 _1) i <(m +Z2'y)2 (z :29)2>

_(l—a—I—az a(z —iy)?

<a< 2
oz + iy)? —1+a—az>’ 0<a<l, =x=e€b5°. (300)
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The symmetry group SO(2) given by

cosf) —sind

h(f) = | sinf cosb (301)

acts on S? and is represented as

pre) = (7 ). (302)
The Hamiltonian (300) is invariant under the SO(2) action,
D(h(0))Ha(x)D(h(9))~" = Ha(h(0)). (303)

The eigenvalues of H,(x) are easily found to be

pt=£y/(1 —a+az)? +a2(2? + y2)2 (304)
Hence, degeneracy in eigenvalues occurs if and only if
l—-a+az=0, a(z®+y?) =0. (305)

The unique solution to this is given by

1

o=\ 0], a=-=. (306)
2

—1
The isotropy subgroup at xq is SO(2) itself. We take at x, the frame

1 0

&=10], &L=1-1], (307)
0 0

which is positively oriented in the sense that & x &, = xy. The Cartesian coordinates
are introduced through > gi€, on the tangent plane ITy to S? at &,. With respect to the
frame &, the isotropy subgroup is represented as

1@ (f) = ( cos sin0>. (308)

—sinf cos@

As is easily seen from the Hamiltonian (300), the first derivative of H,(xo) vanishes
on the tangent plane at xo; VH,(xo) - &, = 0. However, the derivative of H with respect
to a does not vanish and is evaluated as

H(xg) = (_2 2) : (309)
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If we adopt the local Hamiltonian H (xo) + tH% (xo) + > quH%(a:o) - &, the relevant
matrix C(K) is of rank one and the linearization method fails. We here note that the
present local Hamiltonian is in normal form, since the isotropy subgroup is represented
in the diagonal form (302).

We apply the formulas (292) and (293) to entries of the Hamiltonian H,(x). For the

function z = z(x), we have
€; - Hess 2(x0)§), = djn- (310)

The second-order term in the expansion of z in terms of g, is now written as
1 1,
o> dakt; - (Hess 2(wo))é, = 5(a2 + ad) (311)
ik

For the function (z — iy)?, the second derivative with respect to s along a geodesic
x(s) is evaluated at s = 0 or at @, as

d2

— (z —iy)®

g =2(F0-i20)" 312)

ds ! ds

s=0

from which the Hessian of (x — iy)? at @, is found to be
: 2 2
Hess (o = i(an) = (5 %)) 313
Hence, the second order term in the expansion of (z — iy)? is written as

% S" gt - (Hess (z — iy)*(20)€, = (@ +ig2)°. (314)
ik

It turns out that the local Hamiltonian up to the second order terms in ¢, gs at the
degeneracy point x for a = % is defined and given by

Hioe(t, q; o) :tH%(a:O) - % Z ¢;qr€; - (HessH1(x0))&,,

3
_ (—2}5 i@t a) (et i) ) . (315)
s(q —ig2)? 2t — 1(qi + @)

We here note that the Hy..(t, q; o) is invariant under the action of the isotropy subgroup
SO(2) on the tangent plane I,

D(h(0))Hioe(t, q; 20) D(h(0)) ™ = Hioe(t, h? (0)q; x0), (316)

where D(h(0)) and h? () are given in (302) and (308), respectively.
The eigenvalues of Hy,.(, q; o) are expressed as

1 2 1
AF = i\/<2t -l + q%)) + (et + ). (317)
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The degeneracy point of the present local Hamiltonian is then determined by

1
20— 11+ ) =0, ¢i+d; =0, (318)
to which the solution is t = 0,¢; = g2 = 0, as is expected. The exceptional point for
the eigenvector associated with the positive eigenvalue A is determined by ¢; + igy = 0,
and then given by ¢ = ¢o = 0. According to the procedure explained in Sec. 4, the
exceptional point ¢ = 0 is assigned to the “up” or “down” eigenvector, according as

—2t + 1(q} + ¢) = —2t is positive or negative. It then turns out that for ¢ < 0 the
exceptional point ¢ = 0 is assigned to the “up” eigenvector and for t > 0 to the “down”
eigenvector.

We choose to use the “up” eigenvector to evaluate the Chern number contribution from
the exceptional point. Since a small circle centered at the origin ¢ = 0 is oriented clockwise
and since the transition function is proportional to (¢;+ig2)?, the winding number assigned
to the origin for ¢t < 0 is —2. We now denote the winding number for ¢ < 0 and t > 0
by and W,<q) and Wi;~q), respectively. For ¢t > 0, there is no exceptional point on Il, (or
in the vicinity of o in S?), we obtain AW = W~y — Wi<o) = 0 — (—2) = +2. Hence,
the delta-Chern is —2; Ate(xy) = —2. If we use the “down” eigenvector, the orientation
of the small circle is anti-clockwise, so that the winding number for £ > 0 is +2. Hence,
we have AW = Wso) — Wieo) = 2 — 0 = +2 and A'te(xg) = —2 as well. Since the
delta-Chern for the eigen-line bundle associated with the negative eigenvalue A~ is related
to that for the positive eigenvalue by A~c(xg) = —ATc(xg), we have

A+C<QZO) . —2
(Ac(m0)> = (+2> : (319)

Since the degeneracy point is &y only and since the Chern number of each eigen-line
bundle is zero for 0 < a < % or for t < 0, we conclude that the Chern numbers of the
eigen-line bundles associated with the positive and negative eigenvalue are —2 and +2,
respectively.

With respect to the “down” eigenvector, the transition of exceptional points are de-
picted in Fig. 14, where the double dots attached to the maximum or the minimum point
of the energy surface means that the corresponding exceptional point look like a dipole in
view of the field line determined by d(q; + ig2)/dT = (q1 + ig2)?, where (g1 + ig2)? comes
from the transition function.

The Chern number of the initial Hamiltonian H,(x) given in (300) can be evaluated
in a straightforward manner. We note here that Eq. (300) with o = 1 is a special case of
the Hamiltonian treated in [4]. For the positive eigenvalue pu*, the exceptional point of
the associated eigenvector is determined by

alr —iy)* =0, (320)

from which we have x = y = 0 for a # 0. Then, one has r = y = 0 and z = +1. The
exceptional point is assigned to the “up” or “down” eigenvector according as 1 — o + az
is positive or negative. If 2z = 1, then 1 — a + az = 1 > 0, so that the exceptional
point (z,y,z) = (0,0,1) =: n, is assigned to the “up” eigenvector. If z = —1, then
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Figure 14: A schematic description of the evolution of the energy surface for (315) in a
vicinity of a degeneracy point along with a variation in the control parameter passing the
degeneracy value t = 0

1 —a+ az = 1 —2a. This implies that for 0 < a < % only, the exceptional point
(x,y,2) = (0,0, —1) =: n_ is assigned to the “up” eigenvector, and it is not so for a > %
The transition function is proportional to (z —iy)?, which determines the winding number
assigned to an exceptional point along with the orientation of a small circle centered at
the exceptional point in question.

We first consider the case for 0 < a < % Since the orientation of the coordinate
system (z,y) is positive and the orientation of the small circle centered at the exceptional
point n, assigned to the “up” eigenvector is clockwise, the factor (z — iy)? gives rise
to the winding number +2. In contrast with this, since the orientation of the coordinate
system (x, y) is negative and the orientation of the small circle centered at the exceptional
point n_ assigned to the “up” eigenvector is clockwise, the factor (z — iy)? gives rise to
the winding number —2. Thus, the sum of the winding numbers is zero, which means
that the Chern number is zero. If we choose the “down” eigenvector, we obtain the zero
Chern number, since there is no exceptional point assigned.

In the case of % < a < 1, we have the winding number 42 from the exceptional point
n assigned to the “up” eigenvector. As there is no other exceptional point, the total
winding number is +2, and hence the Chern number is —2. If we choose the “down”
eigenvector, we will obtain the winding number —2 as well. Since the orientation of the
coordinate system (x,y) is negative and the orientation of the small circle centered at
the exceptional point n_ assigned to the “down” eigenvector is anticlockwise, the factor
(x — 1y)? gives rise to the winding number +2. Hence, the Chern number is —2.

Summing up the above discussion, we obtain the following tables;

«@ 9 1 1 @ 9 1 1
up a<; a>; down a<g a>;
n_ n_

Chern no. 0 -2 Chern no. 0 -2
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Here, the symbol o means that the point n is always an exceptional point
assigned to the “up” eigenvector for 0 < a < 1, and the symbol ~ 0= that the
point m_ is not an exceptional point assigned to the “down” eigenvector for 0 < a < %,
but so for % < a < 1, and further the double line indicates that the winding number
contribution from the exceptional point in question is either +2 or —2.

If we choose the representation of SO(2) as D(h(f)) = diag(e=™, e™?) in place of
(302), we will obtain Chern numbers £+2m for an associated Hamiltonian H,(x) with
% <a<l.

14.3 Second-order approximation at exceptional points

The Hessian formula given in Sec. 14.1 can provide an improved method for evaluating
Chern number contributions from exceptional points like the exceptional points n. men-
tioned in Sec. 5.2, at which the linearization method fails. Now we look back at Fig. 2.
If we make h get close to 1, we obtain small circles v4 centered at n,., where n, in ques-
tion are exceptional points assigned to the “up” eigenvector associated with the positive
eigenvalue. Then, the Chern number is given by

¢t =Wl = W), W) =5 [ (@) ae (322)
Ty
We may approximate the transition function ®* in a vicinity of 74 in order to evaluate
the winding numbers W (7). Since the linear approximations of ®* fails at ny, we are
recommended to take a quadratic (or higher) approximation of ®*. To this end, we start
with the tangent planes to S? at n.. The frames £, we take on the tangent planes are

1 0 0
&=10), &=11 at my=10], (323)
0 0 1
1 0 0
E&E=10), &=|-1 at n_=10|. (324)
0 0 —1

Applying the formulas (292) and (293) to ¢; given in (29), we obtain the second-order
terms of the expansion of ¢; in terms of (¢1, ¢2),

Gilans) = 5 3 aaky - (Hesson(n. )€, = = 3(d} + ), (3250)
k.t

Ua(gimy) == %Z araey, - (Hess o(n4))€, =V3(a} — 63), (325b)
kot

Us(q;my) = %Z G qe€y, - (Hess g3(n4))€, =102 (325¢)
kot

As is easily verified, we have the same results as above for the second-order terms v;(¢; n_)
for ¢; at n_.
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We proceed to the Chern number contributions from n... Since the defining equation
of W(vy4) is put in the form of a contour integral which takes an integer value, and
since the integrand can be homotopically deformed without changing the integral values,
the transition function ®* can be projected to the function as(q; ) — ibis(q;ny) =
\/ga(q% — ¢3) — ibg1qo within a positive real-valued factor on the tangent plane at m..
Since the Chern number of the eigen-line bundle associated with the positive eigenvalue
is viewed as a constant function on the domain {(a,b); a > 0,b > 0}, we may set a =

\%7 b = 2 for the evaluation of the Chern number contribution from n,. Then, we have

V3a(q? — ¢2) —ibqiqs = (q1 —iq2)?. Since the exceptional point n is assigned to the “up”
eigenvector, the orientation of the small circle v, centered at n is anti-clockwise, so that
we see that the winding number W (v, ) assigned to n is +2, and hence the Chern number
contribution from m, is —2. The Chern number contribution from n_ is the same as that
from m., since the second-order terms 1;(q;my) have the same expression at ny and
since both n4 are assigned to the “up” eigenvector. Thus, the sum of the Chern number
contributions form ny are —4, i.e., ¢* = —4 for {(a,b); a > 0,b > 0}. In the case of
a>0,b <0, wemay set a = \/Lg, b = —2. Then, we have v/3a(¢? —¢3) +ibg1qs = (q1 +iq2)>.
By the same reasoning as above, we obtain ¢t = +4. Thus we have obtained the same
results on the Chern numbers as those obtained in a different method.

14.4 Delta-Chern at a triple degeneracy point

Another extension of the delta-Chern analysis is to find a way to the delta-Chern formula
assigned to a degeneracy point at which eigenvalues are triply degenerate. We have already
investigated such an example in Sec. 12 and inferred a possible form of the delta-Chern
formula (264). However, since the model Hamiltonian (256) is of quite special type from
the viewpoint of symmetry and since the triple degeneracy is much more complicate than
the generic double degeneracy, the suggested formula (264) might be valid for a class of
triple degeneracy points. We want to have another example supporting (264).
As a simple example of a Hamiltonian having triply degenerate eigenvalues, we take

Hy(x)=(1—-a)S.+ax-S, 1<a<l, =xcS*CR’ (326)

where Sy are the representation basis matrices for so(3) with representation parameter
s = 1. The symmetry group of this Hamiltonian is SO(2), which is expressed as

cosf) —sinf
h(f) = | sind cos@ , (327)

and represented as
—if

D(h(8)) = e % = 1 . (328)
10
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The H,(x) is written out as

l—ataz FH(r—1y) 0
Ho(x) = | (@ +iy) 0 (@ —iy) (329)
0 Sle+iy) —1+a—az
and satisfies the symmetry condition
D(h(#))Ha(x)D(h(0))™" = Ha(h(0)). (330)

The characteristic equation for the present H,(x) is given by
det(ul — Ho(z)) = p(p® — (0®(2® +y*) + (1 — o+ az)?)) = 0. (331)
The degeneracy in eigenvalues occurs if and only if
2@ +y*) =0, 1—a+az=0. (332)

The only solution to this equation is

(333)

r=y=0 z=-1, a—g.
This means that o = % is a degeneracy point in the control parameter space (or interval)
0 < a <1, and (0,0,—1) is the only degeneracy point on the sphere S?. Further,
the degeneracy is triple. The Chern number of the eigen-line bundles associated with
the eigenvalues 1,0, —1 for the Hamiltonian Hi(x) = x - S are known to be —2,0,2,
respectively. This fact is proved in the context of the Berry phase (see [23], for example).

We now investigate the transition in Chern numbers by means of the linearization
method applied at the degeneracy point

0
xo=1 0 for a=
—1

1
—. 334
- (334)
The isotropy subgroup at @ is the symmetry group SO(2) itself. We choose the same
frame &, as (307) on the tangent plane Il at ;. The Cartesian coordinates (gi) are
defined on the tangent plane through > ¢x&€,. The action of the isotropy subgroup on the

tangent plane Il is put in the same form as (308).
We first note that Hy (xo) = 0. The local Hamiltonian is now defined and given by

Hioe(t; q;0) =tH1(w0) + 1 VHy (o) - € + 2V Hi (x0) - &
—2t ﬁﬁ(fh + iqa) 0
= ﬁi(ch — 1q2) 1 0 | ﬁ(% +ig2) |, (335)
0 m((h — ZQQ) 2t

which is already in normal form. This local Hamiltonian satisfies the local symmetry
condition

D(h(0))Hioe(t, q; 20) D(h(0)) ™" = Hioe(t, h? (0)q; x0), (336)
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where D(h(0)) and h?(8) are given in (328) and (308), respectively.
The characteristic equation for Hy,.(t; ¢; o) is given by

1
det(\ — Hioe(t, q; o)) = AN(A? — 44 — Z(q% +43)) =0, (337)
and the eigenvalues by
1
S ) (338)

Then, the degeneracy in the eigenvalues occurs if and only if

t=0, q=¢q=0. (339)

For the positive eigenvalue \*™ = \/ 412 + 1(q} + ¢3), associated “up” and “down”
eigenvectors are expressed as

ﬁg((h + Z'Q2)2 2\/§A+()\+ _ 2t) N \/Ti(q% i qg)
(AT +2t)(q1 + ige) : (AT —26)(qy — igo) , (340)
_\/Tﬁ(q% + q%) + 2\/§A+()\+ + 2t) up ﬁi(ql - iQZ)2 down

respectively. From these expressions, the exceptional points assigned to the “up” and
“down” eigenvectors are shown to be determined by

g + ZQQ = 0, )\+ + 2t = O, (341)

and by
@ —igg =0, A" —=2t=0, (342)

respectively. Thus, we find that according as t < 0 or ¢ > 0 the origin ¢ = 0 is an
exceptional point assigned to the “up” or “down” eigenvector.

If we denote the normalized “up” and “down” eigenvectors associated with At by
|0t (@) up) and [vT(¢)daown), respectively, and the respective domains of [v7(q)up) and [v7(q)down)
by V£ and V0, then the transition function ®*(g) is defined through

v (@up) = 2T (@)|vT (@)aown) on Vg NV

down*

(343)

The transition function is proportional to the ratio of the middle components of the “up”
and “down” eigenvectors,

AT +2t)(n +iga) AT+ 2t (g +igp)?
(M —=2t)(qn —iq2) A =2t ¢ +q

(344)

With this function in mind, we proceed to the winding numbers assigned to exceptional
points. For ¢t < 0, the origin is assigned to the “up” eigenvector. According to our
convention, the orientation of a small circle centered at the exceptional point assigned
to the “up” eigenvector is clockwise with respect to the frame &, so that the winding
number, which is independent of the real factor of the transition function, is evaluated
through (q; +iq2)* as —2, as is observed from (344). For ¢ > 0, the “up” eigenvector has
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no exceptional points. Then, we have W;<o) = —2 and W) = 0. Thus, the variation
of the winding number is AW = W50y — Wiy = 0 — (=2) = 2.

The same result on AW is obtained by using the “down” eigenvector. The “down”
eigenvector has an exceptional point at ¢ = 0 for ¢ > 0 only. Since the orientation of
a small circle centered at the exceptional point assigned to the “down” eigenvector is
anticlockwise, so that the winding number is evaluated through (q; +1ig2)? as +2. Hence,
we have AW = Wiso) — Wieo)y =2 - 0= 2.

From the above discussion, we conclude that when the parameter ¢ passes the degen-
eracy point ¢ = 0 from the ¢ < 0 side to the ¢t > 0 side, the local delta-Chern assigned
to the degeneracy point @y is given by ATc(xg) = —2 in association with the positive
eigenvalue AT,

With the eigenvalue \° = 0, associated are the “up” and “down” eigenvectors

ﬁ(ﬁh +iq2) —ﬁ(fh +iq2)
21 , ot , (345)
—ﬁg(fh —iqy) ﬁg(fh —iq)

up down

respectively. This means that the exceptional point assigned to the “up” and the “down”
eigenvectors are both the origin ¢ = 0 for ¢ = 0 only. Put another way, there is no
exceptional point assigned to either “up” or the “down” eigenvector for ¢ # 0. Hence, we
have AW = W;=0) — Wit<o) = 0. The delta-Chern is then A%(ay) = 0 for the middle
eigenvalue among three.

Since the negative eigenvalue A\~ is related to the positive eigenvalue A\™ by A~ = — AT,
the similar reasoning to that for A™ provides the delta-Chern as A~¢(xq) = +2.

The global delta-Chern is now easy to obtain. Since the orbit of the degeneracy point
consists only one point, the global delta-Chen is equal to the local delta-Chern, so that
we have the column of the global delta-Chern

A+C($0> —2
Ae(zo) | = [ 0 ], (346)
A76<330) +2

as is expected. Since |Ac| = #0O,, = 1, it is plausible to understand that this model
supports the delta-Chern formula (264) for a class of triple degeneracy points, while the
symmetry group is not a finite but a continuous subgroup of SO(3).

With respect to the “down” eigenvector, the transition in exceptional points is depicted
in Fig. 15, where the double dots attached to the maximum or the minimum point of the
energy surface means that the corresponding exceptional point look like a dipole, as in
Fig. 14.

It is to be noted that this figure gives a local description of the eigenvalue evolution
against the parameter t. Without a global point of view, a question arises as to the
exceptional point of the “down” eigenvector of the local Hamiltonian. For ¢t < 0 (i.e., for
0<ac< %), the origin is an exceptional point, which means that a winding number is
assigned to the origin. However, the Chern number of the eigen-line bundle associated
with each eigenvalue should be zero for 0 < a < % In order that the Chern number be
zero, there must be another exceptional point to which a winding number is assigned with
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Figure 15: A schematic description of the evolution of eigenvalues in a vicinity of triple
degeneracy point along with a variation in the control parameter passing the degeneracy
value t =0

the reverse sign. To confirm this expectation, we now return to the initial Hamiltonian.
From (331), the eigenvalues of the initial Hamiltonian are given by

p=0, £/a2(22 +y2) + (1 — a + az)2. (347)

For the positive eigenvalue put = /a2(22 +y2) + (1 — a + az)?, “up” and “down”
eigenvectors are given by

[0 N a2
20— iy)? W+ 1 - ot az) — Lt 4 y?)
(bF = (1 —a+az)) %z —iy) ; (1t +1—a+ a2)L(z +iy)
o2 (X2 .
—S @+ )+t -1 -a+a2)/ G (@ +1iy)? o
(348)
respectively.
Exceptional points assigned to the “up” eigenvector are then determined by
r—iy=0, put—(1—a+az)=0. (349)

From z — iy = 0, we obtain z = y = 0, and hence z = 1. If 2 = 1, then u™ = 1, so that
pum—(1—a+az)=0. Thus, (z,y,z) = (0,0,1) =: ny is an exceptional point. If z = —1,
then pu* = |1 — 2al, and further u™ — (1 — o + az) = |1 — 2a| — (1 — 2«). This implies
that for 0 < o < 3, p* — (1 — @+ az) = 0 holds, so that (z,y,z) = (0,0,—1) =: n_ is
another exceptional point for 0 < a < %, and further for % < a < 1, the point n_ is not
an exceptional point.

Exceptional points assigned to the “down” eigenvector are determined by

pt+l—a4+az=0, z+iy=0. (350)

From x + iy = 0, we obtain x = y = 0, and hence z = +1. If z = 1, then u* = 1, and
hence p*+1—a+az = 2. This means that (z,y, z) = (0,0,1) =: n, is not an exceptional
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point for the “down” eigenvector. If z = —1, then u*+1—a+az = |1 —2a|+1—2a. This
implies that (z,y,z) = (0,0,—1) = n_ is an exceptional point assigned to the “down”
eigenvector for % < a <1 only.

The transition function is proportional to the ratio of middle elements of the “up” and
“down” eigenvectors,

pt—(1—a+az)z—iy pt—(1—-a+az)(z—iy)?
pt+1l—a+az x4+iy pr+l—ataz 22+y2 "

(351)

Since the real factor of the transition function is irrelevant to the winding number, the
winding number is determined by the factor (z — iy)? together with the orientation of
the coordinate system (z,y) at the exceptional point in question and the orientation of a
small circle centered at the exceptional point.

Although the Hamiltonian treated in this subsection is different from that treated
in Sec. 14.2, the reasoning to be made in the following is quite the same as those done
in the latter part of Sec. 14.2 except for the last paragraph. We then obtain the same
result as (321) on the Chern number of the eigen-line bundle associated with the positive
eigenvalue p, which shows that the Chern number for 0 < « < % is zero.

15 Concluding remarks

In the previous papers [4, 5], we have observed from the two-level model Hamiltonians with
symmetry that the possible values of Chern numbers of the eigen-line bundles associated
with respective eigenvalues are closely related to representations of the symmetry group.
From the same point of view, we now have another look at the results on Chern numbers
realized on our model Hamiltonians.

Let (J) denote the representation of SO(3) labeled by J, which is considered as a
reducible representation of the finite O group. Then, the tensor product of the (J)
representation of SO(3) and the Fj, i = 1,2, representation of the O group is decomposed
into the direct sum of the form

Fi X (J) = (J + Amax)i S (J + Amiddle)i D (J + Amin)ia (352)

where

Amax + Amiddlo + Amin = 07 (353)

and where (J + Ag);, k& = max, middle, min, denote for short (J + Ay) ® A;,i = 1,2,
with A; referring to the representation of the O group. Possible pairs of values (A —
Apin, Amiaale) are given in Fig. 16. Some of possible values of Ay, k& = max, midle, min,
are given in Tables 10 and 11 in [3], pp. 117-118, for low values of J.

From Fig. 16, we pick up several sets of values of Ay with A iqqie # 0,

Amax 2 3 3 4 6 7 3 5
Amiddle = 1 5 —1 ) 1 ) -1 s 1 ) -1 ) 2 ) —2
A i -3 —2 —4 -3 -7 —6 -5 -3
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Figure 16: Small circles stand for possible pairs of (Apax — Amin, Amiddle) corresponding to
the decomposition (352) subject to (353). As the figure is symmetric with respect to the
reflection Apigdie = —Amiddle, only positive values of Apqqie are shown. Broken lines are
drawn to make the figure readable. A characteristic pattern of the lattice is that the lattice
shown above is periodic with an elementary cell with vertices (0, 2), (0, 14), (2, 20), (2, 8).

If doubled, each of the above columns of possible values of A; is in one-to-one correspon-
dence to one of columns of the Chern numbers shown in Fig. 7 and Fig. 8 as sets of num-
bers. If Apiqaie = 0, possible values of A . — Apin are shown tobe 125+2, 7 =0,1,2, ...,
as is seen from Fig. 16. A set of possible values of A; with Apiqqe = 0

Amax 1 5 7
Amiddlo = 0 ) 0 ’ 0 (355)
Arnin -1 ) -7

are, if doubled, realized as Chern numbers shown in Fig. 13. Though the model Hamil-
tonian (256) is of special type from the viewpoint of symmetry, it is worth pointing out
that the Chern numbers shown in Fig. 13 can be treated on the same footing as that for
Chern numbers associated with the Hamiltonian (19) of generic type.

These correspondences seem to be rather formal, since no line bundle appears in (352).
However, if we view the operators concerning with (.J) representation as classical variables
and as forming the sphere, the right-hand side of (352) may be considered as corresponding
to the direct sum of eigen-line bundles over the sphere, and A; or A; may be looked upon
as a representation of the O group acting on sections of respective eigen-line bundles.

In the same picture, we look again at the Chern numbers obtained in Sec. 14. Let
(m)so(z) and (J)so(s) denote the irreducible representations of SO(2) and SO(3) labeled
by m and J, respectively, where (J)so(3) is viewed as a reducible representation of SO(2);

(J)so@) = an:_J(m)SO(g). Then, like (352), we have the decomposition of the tensor
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product representation

((=m)so@ @ (M)sow) ® (J)sow = (J —m)sow @ (J +m)soe), (356)

where (J —m)go(s) and (J + m)go(s) should be understood as the tensor products with
the trivial representation of SO(2), (J —m)so) ® (0)so(2) and (J 4+ m)sos) @ (0)sor2),
respectively. From this decomposition, we expect that the corresponding Chern numbers
are (—2m,2m). On the model Hamiltonian (300), we have realized the Chern numbers
(—2,2) with m = 1.

In a similar manner, we have the decomposition

((=1)so) @ (0)so@) @ (1)so) @ (J)so@) = (J —1)so@ @ (J)so@) ® (J+ 1) som)- (357)

If we rewrite the left-hand side as (1)so@) ® (J)so(), the above decomposition is exactly
the same as the Clebsch-Gordan formula for the SO(3) (or SU(2)) representation. The
expected Chern numbers (—2,0,2) are realized on the model Hamiltonian (329).

While we have applied the delta-Chern formula to two- and there-level semi-quantum
systems, the delta-Chern formula can be applied to n-level semi-quantum systems, as was
remarked after Thm. 9.1. A formal application of the delta-Chern formula to a five-level
model is found in [6], where the model comes from the tetrahedral molecule SiH,.

We have observed that the possible values of Chern numbers of the eigen-line bundles
associated with respective eigenvalues are closely related to representations of the sym-
metry group for the three-level model Hamiltonians with symmetry in the present article
as well as for the two-level model Hamiltonians in the preceding papers [4, 5]. Though a
number of supporting results have been accumulated, the systematic proof of the marked
correspondence between possible Chern numbers and possible decomposition of the tensor
product representation remains to be open. Another big step for extending the present
Chern number analysis consists in a generalization to fiber bundles defined over higher
dimensional base space such as CP". Example of such a three-level model over CP? was
studied in [24].

After finishing the present work, we have achieved a progress in the study of band
rearrangements in comparison between full quantum and semi-quantum systems. As is
pointed out in Introduction, the delta-Chern can be interpreted as describing a band
rearrangement. This statement has been confirmed by introducing a Dirac operator cor-
responding to a linearized Hamiltonian at a degeneracy point of S2. A local delta-Chern
for the linearized semi-quantum Hamiltonian and an extended notion of spectral flow for
the full quantum Dirac operator are in fine correspondence [25, 26].

A Cubic symmetry

Let en, k = 1,2,3, denote the standard basis of R3. We take six points +e; as ver-
tices of the regular octahedron. Each vertex is given a number as follows: 1,2,3 are as-
signed to ey, es, es, respectively, and 4,5,6 to —e;, —es, —es, respectively. The orientation-
preserving symmetry group for the regular octahedron is called the octahedral rotation
group and is denoted by O. The O group is known to be isomorphic with the symmetric
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group Sy and the order of O is 24. Each of the elements has the symbol to denote the
assigned rotation, which, except for the identity, are

[111] [—11-1] [{1014X ’1]CA:T710§]7 C{Ylj (1;’4Zl’] CA:[1Z}1’1] [—111] [11-1]
{03 703 703 703 ’03 703 703 ’03 }7
{C5, 0y, CFY,

{02[011}7 02[01—1]’ CEOI], C;lm], 02[110]7 02[—110]}7

(358)

where the elements in each parentheses are conjugate to one another, and where C;*
denote the counterclockwise rotation about the X-axis by the angle 27 /4, Célm the coun-
terclockwise rotation about the (1,1, 1)%-axis by 2w/3, C5* the counterclockwise rotation
about X-axis by 27/2, and CQ”” the counterclockwise rotation about the (0, 1,1)7-axis
by 27/2. In Fig. 17, the axes for CZ, C'' and CI"” are described. The other symmetry

axes, which are not drawn, can be easily found.

C axis

3 axis

C5 axis

Figure 17: Representative symmetry axes. The Cy, C3, and C; axes shown in the figure
correspond to CZ, C:£111]7 and 02[110], respectively. Since the centers of the respective faces
of the regular cube are the vertices of the regular octahedron, the orientation-preserving
symmetry group of the regular cube is isomorphic with the octahedral group.

We have already the matrix expressions of the Cf and C’é_l_l_l] in (12), which we
denote by ¢ and 7, respectively, in this Appendix,

(=1 . T= 1]. (359)

As is mentioned in Sec. 2, the O group is generated by ¢ and 7. For example, C%“O] has
the matrix expression which is generated by ¢ and 7 as

1
M 1 = 7(T. (360)
~1
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We now describe a few of the representation of the O group. The O group generated
by ¢ and 7 acts on R? and naturally induces its representation on the linear span of the
monomials z,y, and z, which is called a T representation. In a similar manner, the linear
span of the monomials

X=vyz, Y=zx, Z=uy (361)

form a three dimensional (T5-representation) space for the O group. Under the actions of
¢ and by 7 on R3, these basis polynomials transform according to
(X,)Y,2)— (Y, -X,-2), (X,Y,2)— (Y,Z,X), (362)
respectively. For another example, let
b1 =222 — a2 — 2, py = V3(a? —1?). (363)

The linear span of ¢; and ¢, forms a two-dimensional representation (or E-representation)
space for the O group. Under the actions by ¢ and by 7 on R?, the basis polynomials
transform according to

1= O1, Q2> —, (364a)

1 V3 V3 1
1= —5h1+ 02, P2 ——— 1 — 02, (364b)
2 2 2 2
respectively. This gives rise to the representation matrices given in (13).
The group O acts on R?® as matrices and also on 3 x 3 matrices by adjoint action.
Since the O is a subgroup of SO(3), the O is considered as acting on the sphere S2. For

the Hamiltonian (19), the symmetry condition (1) takes the form
gH(x)g' = H(gx) for g€Gq, (365)

where GG denote the group O whose elements g’s are matrices generated by ¢ and 7 given
in (359) or in (12). In order to verify (365), we put the Hamiltonian (19) in the form of
a linear combination of the three Hermitian matrices H,, Hq, Hs, where

0 —iz wy
Hi(x)=1| iz 0 —iz], (366a)
—iy T 0

222 — g2 — 2

Hy(x) = 2y? — 2% — 2? : (366b)
222 — 12 —q?

0 xy zzx

Hy(x)=|zy 0 yz|. (366¢)

zx yz 0

Since the octahedral group is generated by ( and 7, and since the Hamiltonian is the
linear combination of H,, Hy, Hy, it is sufficient for us to check whether the symmetry
condition (1) holds or not, for H,, Hy, Hs and (, 7 only (see [6] for tensorial expressions
of these Hamiltonians). These procedures can be easily carried out.

80



For the Hamiltonian (18), the symmetry condition (1) takes the form

D(g)H(x)D(g)"" = H(gz), (367)

where D(g) are matrices (see (13)) generated by

|
awh—t

D(¢) = (1 _1>, D(r) = (7 _jf) (368)

The procedure to show the invariance (367) is similar to that for (365)
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Figure 1: Chern numbers assigned to arcs of the unit circle

Figure 2: division of the sphere into the disjoint union of Sﬁp and S2

down With wi and
Wigwn being smoothly defined on S3 ) and Sj ., respectively

own?’
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Figure 3: Deformation of contours I';, 7 = 1, 2, into small circles v;, 7 = 1,2, 3,4, centered
at exceptional points

t<O t=0 t>0

Figure 4: A schematic representation of the evolution of eigenvalues of a local linearized
model Hamiltonian in a two-level approximation along with variation of a control param-
eter t crossing the boundary of the iso-Chern domain. Exceptional points (blue points)
assigned to the “down” eigenvector are shown in the A, (¢ > 0) and A_ (¢ < 0) compo-
nents.
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Figure 5: Degeneracy curves in the space of control parameters for the Hamiltonian (19).
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Figure 6: Delta-Chern diagram for the Hamiltonian (19).
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Figure 7: Iso-Chern diagram for the Hamiltonian (19).
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Figure 8: A part of the Chern diagram for the Hamiltonian (213) with ¢ = 3 is zoomed
in.
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Figure 9: Chern numbers ¢* of the eigen-line bundle associated with the positive eigen-
value are assigned to arcs separated by degeneracy points.
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Figure 10: As e — —g, the exceptional points a,g;;) and bg;;-) are getting together to be

degeneracy points and then to vanish pairwise for € > —g.
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Figure 11: When the parameter value passes ¢ = 3 upward, new exceptional points a_/,
b(j;.), and CS:;C) branch off from the north pole n(j).
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Figure 12: As ¢ — 10, the exceptional points cg;) are getting together pairwise, and

vanish for € > 10.
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Figure 13: Chern number variation for the Hamiltonian (256)
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Figure 14: A schematic description of the evolution of the energy surface for (315) in a
vicinity of a degeneracy point along with a variation in the control parameter passing the
degeneracy value ¢t = 0

t<0 t=0 t>0

Figure 15: A schematic description of the evolution of eigenvalues in a vicinity of triple
degeneracy point along with a variation in the control parameter passing the degeneracy
value t =0
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Figure 16: Small circles stand for possible pairs of (Apax — Amin, Amiddle) corresponding to
the decomposition (352) subject to (353). As the figure is symmetric with respect to the
reflection Aigdle = —Amiddle, only positive values of Apqqie are shown. Broken lines are
drawn to make the figure readable. A characteristic pattern of the lattice is that the lattice
shown above is periodic with an elementary cell with vertices (0, 2), (0, 14), (2, 20), (2, 8).

C), axis

3 axis

Cy axis

Figure 17: Representative symmetry axes. The Cy, C3, and Cy axes shown in the figure
correspond to CZ, C’:[,,Hl], and 02[110]7 respectively. Since the centers of the respective faces
of the regular cube are the vertices of the regular octahedron, the orientation-preserving
symmetry group of the regular cube is isomorphic with the octahedral group.

90



